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y— | . Abstract 

o ' m 

' We pursue our work [3] on the dynamical stability of dark solitons for the one-dimensional 

Gross-Pitaevskii equation. In this paper, we prove their asymptotic stability under small 
q_) ' perturbations in the energy space. In particular, our results do not require smallness in some 

weighted spaces or a priori spectral assumptions. Our strategy is reminiscent of the one used 
by Martel and Merle in various works regarding generalized Korteweg-de Vries equations. 
The important feature of our contribution is related to the fact that while Korteweg-de Vries 
equations possess unidirectional dispersion, Schrodinger equations do not. 
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1 Introduction 

•s. 

We consider the one-dimensional Gross-Pitaevskii equation 

idt* + d xx * + *(l- |tf| 2 ) =0, (GP) 

for a function ^ : R x R — >• C, supplemented with the boundary condition at infinity 

(Nl ' 1, as \x\ — > +oo. 

O ' 

The Gross-Pitaevskii equation is a Hamiltonian equation, its Hamiltonian being given by the 
CN . Ginzburg-Landau energy 



|2\2 



M - em = \ I M ' + i/ R (i-l*l 

^ . A soliton with speed c is a travelling-wave solution of (jGPp of the form 

C3 fy(x,t) := U c (x - ct) 

and its profile U c is a solution to the ordinary differential equation 

- icd x u c + d xx u c + u c (i - \u c \ 2 ) = o. (i) 

The solutions to ([TJ with finite Ginzburg-Landau energy are explicitly known. For |c| > V2, 
they are the constant functions of unitary modulus, while for |c| < y/2, up to the invariances of 
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the problem, i.e. multiplication by a constant of modulus one and translation, they are uniquely 
given by the expression 

. . \l — C 2 / yjl — C 2 X\ C , , 

w-v— (S— ) + «^- (2) 

Notice that solitons U c with speed c 7^ do not vanish on M. These are called dark solitons, with 
reference to nonlinear optics where |*| 2 refers to the intensity of light. Instead, since it vanishes 
at one point, Uo is called the black soliton. 

The energy space for (|GPp is given by 

X(R) := {* G flic(R), *' G £ 2 (K) and 1 - |*| 2 G L 2 (M)}. 

Due to the non- vanishing conditions at infinity, it is not a vector space. Yet X(M) can be given 
a structure of complete metric space through the distance 



* 2 ) : = 11*1 - * 2 || LCO(R) + 11*; - %\\ mm + m*ii - I* 
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The Cauchy problem for (|GPp in space dimension one is known to be solvable in the energy 
space. For an initial datum *° G ^f(K), the Gross-Pitaevskii equation possesses a unique global 
solution * G C°(M,(Ar(M),d)), and moreover * - *° G C°(M, F X (R)) (see e.g. [2D El [E] and 
Appendix IA. 1[) . 

Orbital stability of dark and black solitons was proved in \13\ [2] (see also [U [11] U]). 

Theorem 1 f [151 12]). Lei c G (->/2,>/2). Given any positive number e, there exists a positive 
number 5 such that, if 

d(V°,U c )<5, 



then 



sup inf d(y(-,t),e ie UA- -a)) <e. 

t£ R (a,9)m 2 



Our main result in this paper concerns asymptotic stability of dark solitons. We have 

Theorem 2. Let c G (-\/2, y/2) \ {0}. T/tere exists a positive number 5 C , depending only on c, 
such that, if 

d{*°,U c )<5 c , 

then there exist a number c* G (— \/2, \/2) \{0}, and two functions b G C 1 (R,R) and # G C 1 (M, R) 
such that 

b'(t)^c*, and 9'(t)^0, 
as t — > +00, and for which we have 

e -*(%( • +6(t),t) -»■ U t - in L£.(R), and e" ieW 9 :r *( • +b{t),t) ->> d x [/ c . in L 2 (M), 

in t/ie /imii i — > +00. 

Comments, (i) Complementing Theorem [2] with information from Theorem [IJ one also obtains 
a control on |c — c*| relative to d(* , U c ), and in particular it directly follows from the two 
statements that |c — C*| — > 0, as d(^°,U c ) — > 0. We will actually prove uniform estimates, valid 
for all times, stating that 

d( e -*W¥( • +b{t),t), U c *) + - c| < A c d(V°, U t ), 

where A c depends only on c (see Theorem [3] below) . 
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(ii) For c 7^ as in Theorem [TJ if e is chosen sufficiently small, it follows from the Sobolev 
embedding theorem that ^ does not vanish on 1 x M. We heavily rely on this property for 
proving Theorem [21 in particular in the next subsection where we introduce the hydrodynamical 
framework. We have not considered here the case of the black soliton (c = 0) although part of 
the analysis remains pertinent in that case. 

(Hi) The convergence in (R) cannot be improved into a convergence in L°°(R) (due to 
slow phase winding at infinity), and the weak convergence of the gradients in L 2 (R) cannot 
be improved into a strong convergence in L 2 (M) (due to the hamiltonian nature of the equa- 
tion). Yet, it is not impossible that the latter could be improved into a strong convergence in 
L 2 oc (IR), but we have no proof of that fact. We also believe that the functions b(t) — c* and 
9(t) need not be bounded, and in particular need not have limits as t — > +oo, unless additional 
(regularity/localization) assumptions are made on the initial perturbation. 

(iv) Finally, we mention that our proofs make no determinant use of the integrability of 
the Gross-Pitaevskii equation, nor of the explicit nature of the solitons U c . In particular, they 
could presumably be extended to related nonlinearities (e.g. those studied in [S]) without major 
modifications. 



In the remaining part of this introduction, we present the main ingredients leading to the 
proof of Theorem [2j The strategy is reminiscent to the one used by Martel and Merle for the 
generalized Korteweg-de Vries equation, in particular in |18) (see also |15 ^ [T6 l \T7 \ l6l [T4" l \19 \ 112]). 



1.1 Hydrodynamical form of the Gross-Pitaevskii equation 



As mentioned above, when c ^ the soliton U c does not vanish and may thus be written under 
the form 

U c := g c e 1 ^, 

for smooth real functions g c and ip c . In view of formula ([2]), the maps rj c := 1 — g 2 and v c := —d x ip c 
are given by 



2-c 2 



2c h(^x) 2 



, and v c (x) 



crjc(x) 



c(2 - c 2 ) 



2(l-r ?c (x)) 2 (2ch( 



, (3) 



— .. , - 2 + c 2 ) 
In the sequel, we set 

Qc,a ■= {ilea, V c ,a) ■= {Vc(- ~ a),V c (- - a)) , 

for < |c| < v2 and a£R, More generally, provided a solution $ to (|GPj) does not vanish, it 
may be lifted without loss of regularity as 



up 



^ := ge 

where g := |^|. The functions r\ := 1 — g 2 and v := —d x f are solutions, at least formally, to the 
so-called hydrodynamical form of (|GPp . namely 



d t rj = d x (2rjv - 2v), 
d t v = d x (v 2 - rj + d x 



d x r] 



(HGP) 



,2(1-7?)/ 4(1 -T]) 2 . 

The Ginzburg-Landau energy rewritten in terms of (rj,v), is given by 

EM := / e( V ,v) :=U + \ f (1 - V )v* + \ [ 



V 
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so that the energy space for (jHGPp is the open subset 

WV(R) := \(r),v) G X(R), s.t. maxr](x) < l), 
where the Hilbert space X(R) := H 1 ^) x L 2 (R) is equipped with the norm 

ll( ? ?' t ')llx(IR) := Ihlllf^H) + IMIl2(IR)- 

It is shown in [20J (see also Proposition [OJ that if ^ G C°(R,X(R)) is a solution to (fG"Pl) 
with inf Kx]8 |^| > 0, then (r/, v) G C°(R, J\fV(R)) is a solution to (jHGPp and the energy E(r],v) 
is a conserved quantity as well as the momentum 

P(v,v) := \ I 7]v. 
1.2 Orbital stability in the hydro-dynamical framework 

The following is a quantitative version of Theorem [1] in the hydrodynamical framework (therefore 
for c 0). 

Theorem 3 f|13| 14"]). Let c G (— \/2, \/2) \ {0}. There exists a positive number a c , depending 
only on c, with the following properties. Given any (r]Q,Vo) G X(R) such that 

a° := \\(r] ,v ) - Q^ a \\ x(R) < a c , (4) 

for some a G R, there exist a unique global solution (r],v) G C°(R,AAV(R)) to (jHGPj) with initial 
data (i]o,Vo), and two maps c G C X (R, (— \/2, \^2) \ {0}) and a G C 1 (R,R) such that the function 
e defined by 

e{-,t) := (r/(- + a(t), t), v(- + a(t), t)) - Q c(t) , (5) 
satisfies the orthogonality conditions 

(e(-,t),d x Q c{t) ) L 2 {R)2 = P'(Q c(t) )(e(-,t)) = 0, (6) 

for any t G R. Moreover, there exist two positive numbers o~ c and A c , depending only and 
continuously on c, such that 

maxr](x, t) < 1 — <t c , (7) 
IK-'*)|lx(R) + l c (*)- c l <Aa°, (8) 

and 

UWl -L - n(+\\ 2 <T 4 ll<rf. fM, 

A i 

/or any t G R. 



| c '( t )| + | a '( t )_ c ( t )| 2 <^|| e (. )t )|| 2 (9) 



The proof of Theorem [3] is essentially contained in [3]. However, since the statement in [4] 
slightly differs from the statement presented here, in particular regarding the quadratic depen- 
dence of c'(t), we provide the few additional details in Section [B.2I below. The main ingredient 
is a spectral estimate which we recall now for future reference (see also Section [B] for additional 
information). The functional E — cP is a conserved quantity of the flow whenever c is fixed, and 
it plays a particular role in the analysis since the solitons Q c are solutions of the equation 

E'(Q C ) - cP'{Q c ) = 0. 
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In particular, 



[E - cP] (Q c + e) = [E- cP] (Q c ) + ±H c (e) + 0{\\sf x{u) ), 



as e — > in X(R). In this formula, H c denotes the quadratic form on X(M) corresponding to 
the unbounded linear operator 

H c := E"{Q C ) - cP"(Q c ). 

The operator U c is self-adjoint on L 2 (R) x L 2 (R), with domain Dom(% c ) := H 2 (R) x L 2 (R). It 
has a unique negative eigenvalue which is simple, and its kernel is given by 

Ker(H c ) = Span^Qe). (10) 

Moreover, under the orthogonality conditions 

(e,d x Q c ) L 2 {R)2 =P'(Q c )(e) = 0, (11) 

we have 

H c (e) > A c ||e|| X ( R ), 

where the positive number A c depends only and continuously on c G (— \/2 ; ^/2) \ {0}. The first 
orthogonality relation in (|lip is related to the invariance by translation of E and P, which is 
reflected in the fact that d x Q c is in the kernel of T~L C . There is probably more freedom regarding 
the second orthogonality relation in (|lip . Our choice was motivated by the possibility to obtain 
the quadratic dependence of c'(t) stated in Theorem [3l 

The pair e obtained in Theorem [3] satisfies the equation 

d t s = JH c(t) (e) + JTZ c{t) e + (a'{t) - c(t)) (d x e + d x Q c(t) ) - c'(t)d c Q c(t) , (12) 

where J is the symplectic operator 

and the remainder term TZ c ^e is given by 

n <t) e := E'(Q c(t) + e) - E\Q c(t) ) - E" (Q c{t) ){e). 

1.3 Asymptotic stability in the hydro-dynamical framework 

An important part of the paper is devoted to the following theorem, from which we will eventually 
deduce Theorem [2J 

Theorem 4. Let c € (- y/2, y/2) \ {0}. Th ere exists a positive constant (3 C < a c , depending only 
on c, with the following properties. Given any (r]o,Vo) G X(M) such that 

\\(riO, v o) ~ Qt,a\\x(s) - ^ 

for some a 6 M, there exist a number c* G ( — \ {0} and a map b G C 1 (M, R) such that 

the unique global solution (rj,v) G C°(1R, AAV(M)) to (jHGPp with initial data (t]q,vo) satisfies 

(t?(- + b(t),t),v(- + b(t),t)) - Q c * in X(R), 

and 

as t — > +oo. 

In order to prove Theorem a main step is to substitute the uniform estimates ([8|) and ([9]) 
by suitable convergence estimates. We present the main ingredients in the proof of Theorem 0] 
in the next subsections. 



5 



1.3.1 Construction of a limit profile 

Let c G (— y2, \/2) \ {0} be fixed and let (770,^0) £ -X"(R) be any pair satisfying the assumptions 
of Theorem |H Since /3 C < a c in the assumptions of Theorem U by Theorem [3j we may consider 
the unique globally defined solution (r],v) to (jHGPp with initial datum (tiq,vq). 

We fix an arbitrary sequence of times (t n )neN tending to +00. In view of ([8]) and ([9]), we may 
assume, going to a subsequence if necessary, that there exist £q £ X(R) and Cq G [— y/2, \/2] such 
that 

e(-,t n ) = {v(- + a(t n ),t n ),v{- + a(t n ),t n ))-Q c{tn) ^s* in X(R), (14) 

and 

c(i n ) -> c* , (15) 

as n — > +00. In the next two subsections, we will eventually come to the conclusion (see Corollary 
that necessarily 

4 = 0, 

by establishing smoothness and rigidity properties for the solution of (jHGPp with initial datum 
given by Q c * + e%. 

More precisely, we first impose the constant /3 C to be sufficiently small so that, when a 
appearing in Theorem [3] satisfies a < /3 C , then in view of ([S]) and Q, we have 



-- c 2 

~2 

and also 



mm{c(t) 2 ,a'(t) 2 }> C -, max (c(i) 2 , a'{t) 2 } < 1 + (16) 



r c 2-c 1 

\\Vc(-)-v(- + a(t),t)\\ Loo{M) < m in|-,-^|, (17) 

for any t£R. In particular, we deduce that Cq £ (— v2, \/2)\{0} and therefore Q c j is well-defined 
and different from the black soliton. 

It follows from (JHJ) that 

I eg - c| < A c fr, (18) 
and from , (|14|) and the weak lower semi-continuity of the norm that the function 

(r?o,^) := Q c * +£q, 

satisfies 

\\(Vo,v* )-Qc\\ m) < AP c + \\Q c -Q c *\\ my (19) 
We next impose a supplementary smallness assumption on f3 c so that 

IK^o^o) - Qt\\x(R) - a f 

Applying Theorem [3] yields a unique global solution (rj*,v*) G C (R,VVV(R)) to (jHGPp with 
initial data (Vo,Vq), and two maps c* G C*(R, (-\/2, \/2) \ {0}) and a* G C^R) such that the 
function e* defined by 

e*(-,t) := ( 7] *(. + a *(t),t),v(-+a*(t),t)) -Q c . (t) , (20) 
satisfies the orthogonality conditions 

<£*(•,*), ^g c . (t) )^ (a)2 = p'(Q c * (i) )( e *(-,i)) = 0, (21) 
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as well as the estimates 



ll e *M)L(R) + ! C *W " c ! ^ MH^o) " Qc\\x(uy ( 22 ) 

\c*'(t)\ + \a*'(t)-c*(t)\ 2 < A c \\s*(;t)\\ 2 my (23) 

for any t € R. 

We finally restrict further the definition of /3 C , if needed, in such a way that (|22l) and (|23p . 
together with (fl"8|) and (fl"9|) . imply that 



min{c*(i) 2 ,(a*)'(t) 2 } > ^ max (c*(i) 2 , (a*)'(i) 2 } < 1 + | , (24) 

and 

||r ?c (-)-r ? *(- + a*(t),t)|| I . 00(R) <min{^,^=^} ) (25) 

for any f £ 1. 

The following proposition, based on the weak continuity of the flow map for the Gross- 
Pitaevskii equation, allows to improve the convergence properties of the initial data, as stated in 
(fl"4"|) . into convergence properties for the flow under (jHGPp and for the modulation parameters. 

Proposition 1. Let t 6 R be fixed. Then, 

(n(- + a(t n ),t n + t),v(- + a{t n ),t n + t)) (r]*(;t),v*(;t)) in X(R), (26) 

while 

a{t n + t) -a(t n ) -»■ a*(t), and c(i„ + 1) c*(i), (27) 
as n — > +oo. In particular, we have 

e(-,t n + t)^e*(;t) inX(R), (28) 

as n — > +oo. 



1.3.2 Localization and smoothness of the limit profile 

In order to prove localization of the limit profile, we rely heavily on a monotonicity formula. 

Let (77, v) be as in Theorem [3] and assume that (|16p and (|17[) hold. Given real numbers R and 
t, we define the quantity 

I R (t) = I%' v) (t) :=~ f [ V v](x + a(t),t)^(x-R)dx, 

where is the function defined on R by 

S>(x):=±(l + [v e x)), (29) 

with u c : = \/2 — c 2 /8. The function Ijt(t) represents the amount of momentum of (r](-,t),v(-,t)) 
located from a (signed) distance R to the right of the soliton. 

We have 
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Proposition 2. Let R E R, t E R, and a E [—a t ,a t ], with a c := (2 - c 2 )/(4\/2). [/nder the 
above assumptions, we have 



d [T ^ ^( 2-c 2 ) 2 
2 11 

04 ( 2 ~ c ) c -2i/ c |fl+(rt| 



.■[WW] > (2 0l f )2 / [(a a .??) 2 + 7 ? 2 + t; 2 ](x + a(t),t)cI> / (x- J R-at) C ix 
a* - ./r ( 30 ) 



y4s a consequence, we obtain 



I R (h) > I R (to) - 76&Z*^?.e-*"W, C!J ) 



/or any real numbers to < t\. 



Specifying for the limit profile (rj*,v*), we set I R (t) := I R ' v (t) for any R E R and any 
£ € R. We claim 

Proposition 3. Given any positive number 8, there exists a positive number R$, depending only 
on 5, such that we have 

\l R (t)\<5, VR>R S , 
\l* R (t)-P(r,*,v*)\<d, VR<-R 5 , 

for any tsR. 

The proof of Proposition [3] relies on a contradiction argument. The rough idea is that if some 
positive quantity 5 of momentum for (rf , v* ) were transferred from time t = to time t = T and 
from the interval (— oo, R + a*(0)) towards the interval (R + a*(T), +oo), then a similar transfer 
would hold for the function (rj, v) from time t = t n to time t = t n + T and from the interval 
(— oo, R + a{t n )) towards the interval (R + a(t n + T), +oo), for any sufficiently large n. On the 
other hand, assuming that t n+ i > t n + T, the monotonicity formula implies that the momentum 
for (rj, v) at time £ n +i and inside the interval (R + a(£ n +i), +oo) is greater (up to exponentials) 
than the momentum for (rj, v) at time t n + T and inside the interval (R + a(t n + T), +oo). The 
combination of those two information would yield that the momentum for (n, v) at time t n and 
inside (R + a(t n ), + oo) tends to +oo as n — > +oo, which is forbidden by the fmiteness of the 
energy of (rj, v). 

From Proposition [3l and using once more Proposition [21 we obtain 
Proposition 4. Let t € R. We have 

r [(d x r,*) 2 + (r/*) 2 + (v*) 2 ](x + a*(s),s)e 2u ^dxds < 



c 4 (2-c 2 )' 

In order to prove the smoothness of the limit profile, we rely on the following smoothing type 
estimate for localized solutions of the inhomogeneous linear Schrodinger equation. 

Proposition 5. Let A G R and consider a solution u £ C°(R, L 2 (R)) to the linear Schrodinger 
equation 

id t u + d xx u = F, (LS) 

with F E L 2 (R, L 2 (R)). Then, there exists a positive constant K\, depending only on \, such 
that ^ ^ ^ 

A 2 J [\d x u(x,t)\ 2 e Xx dxdt<K x [ [ (\u(x,t)\ 2 + \F(x,t)\ 2 )e Xx dxdt, (32) 
j-t Jr J-t-i Jr^ ' 

for any positive number T . 
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Applying Proposition [5]to the derivatives of ^f* , the solution to ()GP[) associated to the solution 
(rj*,v*) of (jHGPp . and then expressing the information in terms of (r)*,v*), we obtain 

Proposition 6. The pair (rj*,v*) is indefinitely smooth and exponentially decaying on R x R. 
Moreover, given any k G N, there exists a positive constant A^^, depending only on k and c, such 
that 

f [(d£+V ) 2 + {d k x r,*f + (d k x v*) 2 ] (x + a*(t),t)e 2 ^ dx < A k , t , (33) 

for any t G R. 

The proof of Proposition [5] and Proposition [6j as well as additional remarks concerning smooth- 
ing properties for localized solutions are gathered in Appendix IA.2I 

1.3.3 Rigidity for the limit profile 

Our main task is now to show that the limit profile constructed above is exactly a soliton, which 
amounts to prove that Eq = 0. 

Recall from (fl~2|) that e* satisfies the equation 

d t e* = JH c * {t) (e*) + JK c « {t) e* + (a*\t) - c*(t)) [d x Q c * {t) + d x s*) - c*\t)d c Q c * (t) . (34) 

Our strategy is to derive suitable integral estimates on e*. Since the linear operator % c has a 
kernel given by d x Q c , it turns out that it is more convenient to derive first integral estimates for 
the quantity T-L c *(e*) (so that the component along the kernel is eliminated) rather than directly 
on e* . This idea was already successfully used by Martcl and Merle in [18J (sec also |14j) for the 
generalized Korteweg-de Vries equation. The smoothness and decay obtained in the previous 
subsection allow us to perform as many differentiations as we wish. 

More precisely, we define the pair 

U*(;t) .= S-H cm (s*(;t)). 

Since S% c *f t \{d x Q c *i t \) = 0, we deduce from ([34"]) that 

d t v* = sn c » (t) {js u *) + sn c , {t) (JK c « {t) e*) - (c*y(t)sn cHt) (d c Q c , it) ) 

+ ((a*y(t)-c*(t))S-H c , it) (d x e*). 

At spatial infinity, the operator T-L c is asymptotically of constant coefficients, and therefore 
almost commutes with J. Therefore the linear operator in (I36p . namely % C *J, coincides in 
that limit with the linear operator J% c * appearing in (j34"l) . It is thus not surprising that a 
monotonicity formula similar in spirit to the monotonicity of the localized momentum for e* (see 
Proposition [2]) also holds for u* . More precisely, decreasing further the value of f3 c if necessary, 
we obtain 

Proposition 7. There exist two positive numbers A* and R*, depending only on t, such that we 
have^ 

j t (yj^xu\{x,t)u* 2 {x,t)dx^ > ^-^|KM)||x(R) - M\ u *(.'> t )\\x(B(p,R.))' ( 37 ) 

for any t 6 R. 

1 In H37|) . we have use the notation 

\U9)T xm ■■= J n ((d x ff + f + g 2 ), 

in which Q denotes a measurable subset of K. 
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(35) 
(36) 



In order to get rid of the non-positive local term ||u*(-, i)||x(B(o R )) ^ n ^ ne right-hand side of 
(f37|) . we invoke a second monotonicity type formula. If M is a smooth, bounded, two-by-two 
symmetric matrix-valued function, then 

^(Mu*, ii*) L 2( R )2 = 2(SMu*, 1-L C * ( >/5V)) L 2( K )2 + "super-quadratic terms". (38) 

For cG(-\/2,V2)\ {0}, let M c be given by 

(_ cd x i] c d x r) c \ 

!H F " c J • (39) 

The choice of M c is motivated by the following key observation. 
Lemma 1. Let c G (-\/2, \/2) \ {0} and u G X 3 (K). T/ien, 

G c (u) :=2{5M c u,^(J^)) i2(I{)2 

/" / N / crj c cd x rj c \ 2 

=2 J r (r, c + d xxVc ) (u 2 - 2{rjc + dxx7]c) ^ ~ 2(1-^ + ^)^0 (40) 

+ 2 / T7 +0 77 V^" 1 " ^T Ul J • 
^ JM 1c t o xx r\ c \ T] c J 

Notice that the quadratic form G c {u) in (|40p is pointwise non-negative (and non-singular) 
since 

c 2 

Vc + d 2 xx r] c = Vc (3-c 2 - 3t/ c ) > yr/ c > 0. 
It also follows from (|40p that 

Ker(G c ) = Span(Q c ). 

In our situation, u* = S7-I c *(e*) is not proportional to Q c *. By the orthogonality relation (|2ip . 
we indeed have P'(Q c *^)(e*) = 0. Since one has H c (d c Q c ) = P'(Q C ), it follows that 

= (H c *(d c Q c *), e*) L 2 (R)2 = (-H c .(e*),<9 c Q c ») L 2 (1R) 2 = (it*, 5a c Q c *) L 2 {M)2 . (41) 

On the other hand, 

(Q c *,Sd c Q c *) = il(Q c ,5Q c ) |c=c , = 2^(P(Q C )) = -2(2-c 2 )^0, (42) 
which prevents u* from being proportional to Q c *- This leads to 

Proposition 8. Let c G (—y/2,y/2) \ {0}. There exists a positive number A C; depending only 
and continuously on c, such that 

G c (u) >A C [ [(d xUl ) 2 + (m) 2 + (u 2 ) 2 ] (x)e-^M dar, (43) 
/or any pair u G X 1 (M) verifying 

(u,Sd c Q c ) LHR) 2=0. (44) 
Coming back to (j38|) . we can prove 
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Proposition 9. There exists a positive number B*, depending only on c, such that 

j t [(M cHt) u*(-,t),u*(-,t)) L2{M)2 ) >i- J [{d x u[f + (u[f + (u* 2 f](x,t)e-^ dx 



i 



Therefore, there exists a sequence (^)fceN such that 

*fc)||x 



(45) 



B*\\e (■i t )\\x(M.)\\ u (''*)|lx(K)' 
for any tsR. 

Combining Proposition [7] and Proposition [9] yields 
Corollary 1. Set 

We have 

j t ((N(t)u*(-,t),u*(-,t)) LHu)2 ) > ^^\\ u *(.,t)\\ 2 xm , (46) 
for any t € R. In particular, 

+oo 

lh*(-'*)L(R) dt< + 00 - ( 47 ) 

— oo 



lim KMDlll^=0. ,18) 

fc— »+oo 



Combining (|48p with the inequality 

||e*(-,*)llx(R) < A|K(-,i)|| x(R) , 

(see ()3,17p ). we obtain 

fe Um o ||e*(,f fe )|| x(R) =0. (49) 
Combining (j49]) with the orbital stability in Theorem [3j we are finally led to 
Corollary 2. We /iaue 

4 = o. 

1.3.4 Proof of Theorem [4] completed 

Let c G (-y/2, y/2) \ {0} and let {rj ,vq) be as in the statement of Theorem [U It follows from the 
analysis in the previous three subsections that, given any sequence of times (t n ) ra gN converging 
to +oo, there exists a subsequence (t nfc )fcgN and a number Cq (sufficiently close to c as expressed 
e.g. in (|18p ) such that 

[r)(-+a(t nk ),t nk ),v(- + a(t nk ),t nk )) ^ Q c * in X(R), 

as n — > +oo. By a classical argument for sequences, if we manage to prove that Cq is independent 
of the sequence (t n ) n ^, then it will follow that 

( V (- + a(t),t),v(- + a(t),t))^Q c * mX(R), (50) 

as t — > +oo. 
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We argue by contradiction. Assume that for two different sequences (i n ) n gN and (s n )neN; 
both tending to +00, we have 

(r)(-+a(t n ),t n ),v(- + a(t n ),t n )) ^ Q c * inJ(M), (51) 

and 

(rj(- + a(s n ),s n ),v(- + a(s n ),s n )) Q c * in X(R), (52) 

as n — > +00, with d[ 7^ satisfying (|18p . Without loss of generality, we may assume that c\ < 
and that the sequences {tn)n&\ and (s n )neN are strictly increasing and nested such that 

t n + 1 < s n < t n+1 - 1, (53) 

for any n E N. The contradiction will follow essentially in the same way as for Proposition [3l 

We set 5 := P(Q C *) — P{Q C *) > 0. In order to be able to use (|3ip . we choose a positive 
number R sufficiently large so that 



768^e-**l*l < A. 



In particular, we have from Proposition [2] and (f53 



(5 5 
I±R(s n ) > I±n{tn) ~ — and I±R{t n+ i) > I±n{s n ) - — , (54) 

for any n 6 N. Increasing the value of R if necessary, we may also assume that 

5 



\ [ (<5>{x + R)-3>{x-R))r ]c *v < {x)dx-P{Q < \ 



< 
~ 10 



for i = 1,2 (and with <i> as in (|29p ). In particular, in view of the convergences ([5Tj) and (|52p , 
there exists an integer uq such that 

r 

K-il(tn) " I R (tn) - P(Qcl)\ < ^, (55) 

|j_fl(s n ) - /fl(a n ) - ^(Qc|)| < g, (56) 



and 



for any n> hq. Combining (|54p . (|55p and (|56p . we obtain 



for any n > uq, from which it follows again by (|54[) that 

2(5 

/fl(tn+l) >/fl(*n) + -=-, 

5 

for any n > no- Therefore, the sequence (ift(in))neN is unbounded, which is the desired contra- 
diction. 



At this stage, we have proved that ()50p holds, and therefore, in view of the statement of 
Theorem HI we set c* := Cq. It is tempting to set also b(t) := a(t), but we have not proved that 
a'(t) — > c* as t — > +oo. We will actually not try to prove such a statement but rely instead on 
the weaker form given by ([27|) which, once we now know that a*(t) = c*t since (r/*,v*) = Q c *, 
reads 

a (i n + t) - a(t n ) -> c*i, 

for any fixed t £ I and any sequence (t n ) n eH tending to +oo. The opportunity to replace 
the function a by a function b satisfying the required assumptions then follows from the next 
elementary real analysis lemma. The proof of Theorem [J] is here completed. □ 
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Lemma 2. Let c G R and Zei / : R — )• M 6e a locally bounded function such that 

lim f(x + y) - f(x) = cy, 

x— >+oo 

/or any y G R. T/ien i/iere exists a function g G C X (R,R) suc/i t/iat 

lim g'(x) = c, and lim — = 0. 

Proof. Replacing f(x) by /(x) — cx, we may assume that c = 0. It then suffices to replace / by 
its convolution by any fixed mollifier and the conclusion follows from the Lebesgue dominated 
convergence theorem. □ 



1.4 Asymptotic stability in the original framework: Proof of Theorem [2] 

We first define <5 C in such a way that ||(??o> v o) ~ Qc\\x(R) — whenever d(^ /0 , U c ) < 5 C . We next 
apply Theorem U] to the solution (rj,v) G C (R,A/"V(R)) to (jHGPp corresponding to the solution 
^ to ()GPp . This provides us with a speed c* and a position function b. We now construct the 
phase function 9, and then derive the convergences in the statement of Theorem [2 

We fix a function \ £ [0, 1]) such that \ i s real, even, and satisfies L x(x) dx = 1. In 

view of the expression of U c * in ([2|), we have 

f c* 
/ U c * (x)y(x) dx = i—pz 7^ 0. 
Jr V2 

Decreasing the value of /3 C if needed, we deduce from orbital stability that 

^(x + b(t),t)x(x) dx 
for any t G R. In particular, there exists a unique i? : R — > R/(27rZ) such that 



e 



-«(*) / *( x + 6(t),t)x(x)cic G i^-=l 

V2 



for any t G R. Since 6 G C^(R,R), and since both d x ^f and d t V belong to C°(R, i?^ (R)), it 
follows by the chain rule and transversality that •& G Ci (R, R/(27rZ)). From Theorem [J] and the 
definition of $, we also infer that 

e- w (*>0 !B tf(- + &(t) ) t) ^ 9 x CZ e . inL 2 (R), 

1_ | e -»W*(. + 6(t),t)| 2 l-|C/c*| 2 ini 2 (R), (57) 



e 



+ &(t),t) -> C7 C , inL~ 



as t — > +oo. Invoking the weak continuity of the Gross-Pitaevskii flow, as stated in Proposition 
IA.3| as well as its equivariance with respect to a constant phase shift and the fact that J7 C * is an 
exact soliton of speed c* , it follows that for any fixed T G R, 

e -m)d x V(- + b(t),t + T) d x U c *(--c*T) inL 2 (R), 

1_ | e -«(t)^(. + 6(t) ; t + T )| 2 1- \U C *(- -c*T)\ 2 inL 2 (R), (58) 

e -«(*)*(. + &(i),i + T) -> I7 t .(-- c*T) mL% c (R), 

as i — > +oo. On the other hand, rewriting (|57|) at time t + T, we have 



e -m+T)d x iS)(- + b{t + T),t + T) ->> d^c* hiL 2 ( 
1- | e -^(*+ T )*(- + 6(t + T),t + r)| 2 ->> l-|f/ c »| 2 inL 2 (R), (59) 
e -«(*+T)w(. + 6(t + r),t + T) -> £/ c . ini£(R), 
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as t — > +00. Since we already know by Theorem 2] that 

b(t + T) - b{t) -> c*T, (60) 
as t — > +00, we deduce from ([58]) . (|59|) and (1601) that 

(e'WMCt+T)) _ ^ ^ in 

as t — > +00. Therefore, we first have 

lim Mt + T) - §(t) = inM/(27rZ), 

t— >+oo 

but then also in R for any lifting of since we have a global bound on the derivative of 

As for the proof of Theorem d] the conclusion then follows from Lemma [2] applied to (any 
lifting of) This yields a function 9 such that 6'(t) — > 0, and — 0(f) — > as i — > +00. In 
particular, we may substitute &(t) by 8(t) in ([57]) . and obtain the desired conclusions. □ 



2 Proofs of localization and smoothness of the limit profile 

2.1 Proof of Proposition [2] 

First, we deduce from (jHGPp the identity 
d 1 1 f 

— [l R+at (t) =--(a'(t) + a) [rjv](x + a(t),t)^(x- R-at)dx 



dt 



+ 



+ \ f [rj + ln(l - 77)] (x + a(t), i)$"'(x - i? 
4 Jm. 



(x + a(t),t)&(x- R-at)dx (2.1) 
at) dx. 



Our goal is to provide a lower bound for the integrand in the right-hand side of (|2. 1[) . We 
will decompose the domain of integration into two parts, [— i?o,i?o] and its complement, where 
Ro is to be defined below. On [—Rq,Rq], we will bound the integrand pointwise from below by 
a positive quadratic form in (r],v). Exponentially small error terms will arise from integration 
onR\[-R ,R }. 

First notice that 

Vc < v 1 if ch 2 ' 



v / 2^ 2 " 



i.e., if 



\x\ > Rq : 



x > 32, 



=ch- 1 (4v / 2). 



y/2- C 

In particular, we infer from (|17|) that 

|r/(x + a(i),i)| < 2z/ c 2 , 
for any x € [— Rq,Rq\. Elementary real analysis and ([2.2[) then imply that 

|[»7 + hi(l-7/)](x + o(t),t)| < rj 2 (x + a(t),t), 
for any x £ [— -Ro>-Ro]- Next, notice that the function $ satisfies the inequality 



|$'"| < 4i/ c V. 



(2.2) 
(2.3) 
(2.4) 
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Finally, in view of the bound (|16p on a'(t) and the definition of a c , we obtain that 

\a'(t) + a\ 2 <^+ C l. (2.5) 

Taking into account ([23]) . (EOj) . ([2^41 and (|23|) . we may bound the integrand of ([XT]) on [-i? , ^o] 
from below by 



(x + a(t),t)$'(x - R- at) 



Set a : = 1/4 - z/ 2 = 7/32 + c 2 /64 and b := ^3/8 + ^/16. In the above quadratic form, we may 
write 

ai f _ b \ vv \ + 2av 2 = JL=(\ V \- V2\v\) 2 + (a - (r? 2 + 2^ 2 ) > (a - (t? 2 + 2^ 2 ), 



and compute 



b a 2 -f 2 6 2 (2-c 2 ) 2 
8 > 2a 2 - — - v ; 



We next consider the case x ^ [—Ro,Rq]. In that region, we simply bound the positive 
function <&'{x — R — at) by a constant, 

&(x -R-at)< 2u c e- 2uclR+at - R ° l < 8u c e~ 2 ^ R+at \ , 

and control the remaining integral using the energy. More precisely, notice that for those x, 
rj c > v 2 and therefore by (|17p . we also have r\ > (in the remaining part of the proof when we 
refer to rj or v we mean the value at the point (x + a(t),t)). Next, we have 1 — rj c > c 2 /2, and 
therefore by JTZJ) also, 1 — 77 > c 2 /4. Finally, recall that \a'(t) + a\/2 < y/2/2, and that fl23} 
holds, so that combining the previous estimates and elementary real analysis, we may bound the 
integrand in the right-hand side of (|2.ip by 



i-i2^)ln(^)y + 8, 2 + ^(^ 



Conclusion (j30|) follows from integration and a comparison with the energy of (rj,v), together 
with the explicit value E(Q C ) = (2 — c 2 )a/3 (see e.g. |3j). 

It remains to prove (|3ip . For that purpose, we distinguish two cases, depending on the sign 
of R. If R > 0, we integrate (|30p from t = to to t = (to + *i)/2 with the choice a = a t and 
R = R — a^to, and then from t = (to +t\)/2 to t = t\ with the choice a = —a t and R = R + a ( t\. 
In total, we hence integrate on a broken line starting and ending at a distance R from the soliton. 
If R < 0, we argue similarly, choosing first a = — a c , and next a = <7 C . This yields (|3ip . and 
completes the proof of Proposition [2j □ 



2.2 Proof of Proposition [3] 

We argue by contradiction and assume that there exists a positive number 5o such that, for any 
positive number Rs , there exist two numbers R > R$ and t 6 K such that either |J^(t)| > So 
or \Iji(t) — P(rj*,v*)\ > 5q. Since at time t = 0, we have lim^ +00 7^(0) = limR_>_ 00 Ir(0) — 
P(rf,v*) = 0, we first fix i?,5 > such that 

1^(0)1 + 1£*(0) -P(f/*,v*)l<| and 768^^e- 2 ^<|, (2.6) 
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for any R > R$ . We next fix R > and t G M obtained from the contradiction assumption 
for that choice of Rg , so that either > So or I-^fjW ~~ P[v*i v *)\ — <V in the sequel, we 

assume that I R (t) > Sq holds, the three other cases would follow in a very similar manner. In 
particular, we infer from (|2.6p that 



m > *> > | + | > ij(0) + 1536±^e- 2 ^, 

and therefore it follows from the monotonicity formula in Proposition [2j applied to (rf ,v*), that 
t > 0. Finally, we fix R' > R such that 

|£j*(f)-iV,w*)|<|. (2.7) 
Since iZ' > .R, we also deduce from (|2.6|) that 



|^(0)-P(fT,«*)|< f and 768^^e- 2 ^' < |. (2.8) 
Combining the inequality \I R (t)\ > 5 with (f2~6ll . ([2"7Tj) and (f2~8|) . we obtain 



and therefore 



> — 

- 4 



Since the integrands of the expressions between parenthesis are localized in space, we deduce 
from Proposition [1] that there exists an integer uq such that 

{I-R'(t n ) ~ I R (t n )) - {I-R,{t n +t)~ I R (t n +t)) >-§-, 

O 

for any n > uq. Rearranging the terms in the previous inequality yields 

max{|/_H*n) - I_ R ,(t n + t)\,\l R (t n ) - I R (t n + > ^. (2.9) 

On the other hand, since t > 0, by the monotonicity formula in Proposition [21 ()2.6p and (|2.8p . 
we have 

5 S 
I- R ,{t n ) - I_ R ,(t n + t)<^ and I R {t n ) - I R (t n + t)<-£, 

and therefore we deduce from (I2.9p that, given any n > uq, 

S S 
either I- R >(t n + t) - I- R >(t n ) > —, or I R (t n + t) - I R (t n ) > — . 

lb Id 

In particular, there exists an increasing sequence (rik)k£N such that t nk+1 > t nk + t for any k G N, 
and either 

I R ( tnk +t)-I R (t nk )>^, (2.10) 

for any k € N, or 

r 

I- R '(t nk +t)-I_ R ,(t nk )>^, 

for any k G N. In the sequel, we assume that (|2.10p holds, here also the other case would follow 
in a very similar manner. Since t nk+1 > t nk + t, we obtain by the monotonicity formula of 
Proposition El fl2l)]) and (|2~T0]) . that 

I R (tn k+1 ) > I R (tn k +t) - § > /fl(t*J + (2.11) 
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for any k E N. On the other hand, we have 

If If 2 

|lR(in fe )|<o / \v(x,t nk )\\v(x,t nh )\dx<- / (|7?(a;,t nfc )| 2 + \v(x,t nk )\ 2 ) dx < -^E(rj,v), 



where the last term does not depend on k by conservation of energy. This yields a contradiction 
with (|2TT|) . □ 

2.3 Proof of Proposition |4] 

Let s£l and R > be arbitrary. Integrating (f30|) of Proposition [2j and choosing successively 
a = <7 C and <r = — <r c , we infer that we have both 



ms)<r R+aBT (s + T) + 768 

and 



for each positive number r. Taking the limit as r — >• +oo in the previous two inequalities, we 
deduce from Proposition [3] that 

\r R (s)\<768^^e-^ R , 
for any s£l and R > 0. Similarly, we obtain 



|i£(s) - P(»7*,«*)| < 768 ^ 2 - e - 2 ^l fl l, 



for any s£l and i? < 0. Therefore, integrating (|30p from i to i + 1 with the choice a = yields 
/• ol4 , 64 



/ / [(dxV*f + {il*f + (v*) 2 ](x + a*(s),s)&(x-R)dxds<3^(l + 
Jt Jr c 4 V ( 2 - c 2 ) 

for any R E K. Since we have 

lim e^^'fa - ifl = 2i/ c e ±2 ^, 

B->±oo 

for any iGl, the conclusion follows from the Fatou lemma, the inequality 

and elementary real estimates. □ 

3 Proofs of the rigidity properties for the limit profile 
3.1 Proof of Proposition [7] 

In order to establish inequality (|37p . we first check that we are allowed to differentiate the 
quantity 

T*(t) := / xu*(x, i)u%(x, t) dx, 
Jr 
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in the right-hand side of (|37p . This essentially follows from Proposition [6j Combining (|33p with 
the explicit formulae for r] c and v c in (J3j> , we indeed derive the existence of a positive number 
Ak^c such that 

((d*e*(x,t)) 2 + (d k x e*{x,t)fy v <\*\dx < A kiC , (3.1) 

for any k £ N and any t E R. In view of the formulae for u* in ([35|) and for T~L C in (jB.ip . a similar 
estimate holds for u* , for a further choice of the constant A^^. In view of (|36p . this is enough to 
define properly the quantity X* and establish its differentiability with respect to time. Moreover, 
we can compute 



^-(r) =-2 [ v(H c *(d x u*),u% 2 + [ ii(U c *{JK c *e*) 



u ; R2 

(3.2) 

-(c*) / M<^c^ c Q c *)X) R2 + ((a*)'-<) / fM(n c *(d x e*),u% 2 , 

JR JR 

where we have set n{x) = x for any x 6 R. In particular, the proof of Proposition [7] reduces to 
estimate each of the four integrals in the right-hand side of (|3.2p . 

We split the proof into four steps. Concerning the first integral, we have 
Step 1. There exist two positive numbers A\ and R\, depending only on c, such that 

l{(t) := -2 J fx(H c »(d x u*),u*) R2 > ^jjr-\\u*(;t)\\ 2 xm -^i||«*(-^)||x(b(o,JIi))' ( 3 ' 3 ) 
for any t 6 R. 

In order to prove inequality (|3,3p . we replace the operator T~L C * in the definition of Z*(t) by 
its explicit formula (see (jB.ip ). and we integrate by parts to obtain 



2*(t) = / i[(x,t)dx, 
Jr 

with 

1/ 3d x fj> fJ-d x n c * \ 2 *a f A* \ * * , « / \\ / * \i 



4 VI - 77 C * (l-r/ c ») 2 / v i; Vl-r/ ( 
, 1 « ( (n d xxVc* (d x r] c *) 2 \ „ / 9rf \ \ , 



Here, we have used the identity 



2 2(1 - v< ~y 

so as to simplify the factor in front of u^u^- Since fJ,(x) = x, the integrand l\ may also be written 



as 



(l^-7I^^) aUl) " C I (l-^) 2 j^2+(l-^-X^)( % ) 



Ll ~ ji—^f r^> ~n (i-^) s 

1 /„ 2^7fc* 3(^r? e *) 2 r_d xxx rjc^_ 4(d x r) c *)(d xx r] c *) 3(d x r) c *) 3 \\ 2 
A (1-r/c*) 2 (l-r? c .) 3 X V(1"^) 2 (l-^) 3 ' 

Given a small positive number <5, we next rely on the exponential decay of the function rj c and 
its derivatives to guarantee the existence of a radius R, depending only on c and 5 (in view of 
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the bound on c* — c in (1221)). such that 



3 2 1 

i>*{x,t) >-{d x u\[x,t)) + -u\{x,tf - c*(t)ui(x,t)u 2 (x,t) + u* 2 (x,t) 2 



5{{d x u\{x,t)) 2 + u\{x,tf + v* 2 {x,t) 2 ) 
>(| - 5) (d x ul(x,t)) 2 + {\-^-5)u\{x,tf + (l-^- s)u* 2 (x,t) 2 , 



when |x| > R. In this case, it is enough to choose 5 = (2 — c 2 )/32 and fix the number R\ 
according to the value of the corresponding R, to obtain 

/ i\{x,t)dx> / {{d x u\{x,t)f + u\{x,tf + u* 2 (x,t) 2 )dx. (3.4) 

J\x\>R x ib J\x\>R^ 

On the other hand, it follows from ([3]), and again ()22|) . that 

/ t *(a;,t)dar> f^-^-Ai) / {{d x u\{x,t)) 2 +u\{x,t) 2 +u* 2 {x,t) 2 )dx, 
J\x\<Ri \ Lb J J\ x \< Rl 



for a positive number depending only on c. Combining with (|3,4p . we obtain (|3.3p . 
We next turn to the second integral in the right-hand side of (|3.2[) . 

Step 2. There exist two positive numbers A 2 and R 2 , depending only on c, such that 

r'2 



for any t£R. 



J li{H<*(Jnc*e*),u*) Ra < ^^|h*(-,*)||x( R ) + ^2||«*(-,t)t (B(0jR2)) , (3.5) 



Given a small positive number 5, there exists a radius R, depending only on 6 and c, such 
that 

\x\<8e^, (3.6) 
for any \x\ > R. As a consequence, we can estimate the integral I 2 (t) as 

\r 2 (t)\ <R [ \n c , {t) {JK c * {t) e*)(x,t)\\u*(x,t)\dx 

J\x\<R 



\x\>R 



(3-7) 

/ \ II I Uc < x < 

U c *(t) ( J^ c .(i)e*J (x, t)\\u* (x, t) |e 2 dx. 



In order to estimate the two integrals in the right-hand side of (|3.7p . we first deduce from (IB. 1 j) 
the existence of a positive number A c , depending only on c, again by (|22p . such that, given any 
pair e G H 2 (R) x L 2 (M), we have 



|%c*(e)| < A:( l^^l + \d x e v \ + |e^| + |e t 
In view of (|13p . it follows that 

\H c *(Je)\ <2A,[\d xxx e v \ + \d xx e v \ + \d x £ v \ + \d x e ri \), (3i 
when e G ff^R) x F 3 ' 
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On the other hand, given an integer £, we can apply the Leibniz rule to the second identity 
in (|B.12p to compute 



(3.9) 



where Kg refers to some constant depending only on t. Similarly, we can combine the Leibniz 
rule with ©, ([22} and d2S} to obtain 

l 3 

\d x [n c *e*] v \ <a(J2 Ifel 2 + E \ d * £ v\ 2 + \ d * £ v\ 3 ) ■ ( 3 - 10 ) 

fc=0 k=0 

Here, we have also applied the Sobolev embedding theorem to bound the norm £)[|i,«>(r) 
by A^ao according to (|22p . Combining with (|3.8p . we are led to 



\\H c *{t) {Jn c * {t) e*) (•, i)|| L2(R)2 < A c (||S«e;(-, t)|| L6(R) + E K e *(-> *)l 

fc=0 

At this stage, we invoke again the Sobolev embedding theorem to write 

/ (oif) 2p = (-iY [ ftt^m*- 1 ) <*ll/ILWI^IlKw ( 3 - n ) 

for any f £N, any p > 1, and any / 6 .£f 2 ^ +1 (R). Combining with (|22p . it follows that 
||"H c *(t)(j7£ c *(t)£ )(-,i)|| L 2( K )2 <^|| e (•^)|| L 2( K )2 (|| e r ? ( - ; i )||//3( K ) + \\ e (')*)||h 7 (K) 2 

<y4c||e*(-,t)|| i2 ^ 2 ^||e*(-,t)||^ 7 ^ + ||e*(-,t)||^i 5 ( M )j 



(3.12) 



Since 



\\die*(;t)\\ 2 L2{R)2 < [ e 2 ^(die*(x,t)) 2 dx, (3.13) 
we can invoke (|3.ip to conclude that 

||^ W (J^ ( i)£*)(-,t)|| L2(R) < A c \\e*(;t)\\ Lm2 . (3.14) 

On the other hand, we deduce from (|3,8D . (13. 9p and (I3.10p as before that 

« c . (t) (j^ (t)£ *)(,i)e* ' <A c f / (3 l£ ;(M))V'H<lx + V / |a^*(x,t)|VNdx 

We also invoke the Sobolev embedding theorem to write 

(dif(x)) 2p e^dx=(-lY I f(x)di[(dif(x)) 



2p- 


V< X J dx 








lltf^+iQR) 











^||/|| L 2 (K) ||/||^+l(R)| 

^II/|Il2(r)II/|Ih«+3(r)I 

for any I £ N, any p > 2, and any / G H 4e+3 (R), with /e"'H G F 2£+1 (M). Since 

e *«|z| < e u z x + e - VeX < 2^*1x1 j (3.15) 
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for any x£l, the same estimate holds with e Uc ^ replacing e UcX . As a consequence, we deduce 
as before from (|22J). (pTT) and ([3TT3]) that 



L 2 ( 



< A c || £ *(-,t)|| L2 



H c * (t) (Jft c * (t) £*)(-,i)e^- 

Combining the previous inequality with (|3.7p and (|3.14p . we derive the estimate 

< ^c(-R|h*(-,0||x(B(o,R)) + (5 ll'"*(''*)IL(R))ll e *('' t )llL 2 (R) 2 ' 
We finally recall that 

Su*(;t)=H c * {t) (e*)(;t), 

with (£*(•, i), 9xQ c *(t))L 2 (M) 2 f° r an y t 6 R by ([21~]) , In view of (|B.2p . we infer that 

ll 6 *^'*)!!^^) - ylc !l 5 ' M *('' t )!lL 2 (K) 2 - yl|; !l u *('' t )!lx(R)' 

so that (|3.16p may be written as 



(3.16) 



(3.17) 



\l* 2 (t)\ < A c ^\\ U *(;t)\\ 2 x{mR)) +25\\u*(;t)\ 



Fixing the number 5 so that 2A C S < (2 — c 2 )/64, and letting R 2 denote the corresponding number 
R, we obtain ([33]), with A 2 = A c R\jb. 

Concerning the third term in the right-hand side of (|3.2p . we have 



Step 3. There exists a positive number A3, depending only on c, such that 



' / n(H c *(d c Q c *),u* 



<A 3 a \\u*(-,t) 



|2 

\x( 



(3.18) 



m)\ ■■- 

for any tEK. 

Coming back to (|22|) and ([23p . we have 

\(c*)'(t)\ <A c a \\e*(;t)\\ x(R) . 

Since the function d c Q c * and its derivatives have exponential decay by ([3]), we deduce from the 
expression of % c * in (jB.ip that 



\mt)\ <A c a 1| e*(-,t) 

Combining with (|3.17|) . we obtain (|3.18|) . 
Finally, we show 

Step 4. There exist two positive numbers A4 and R^, depending only on c, such that 

2-c 2 



((a*)>-c*) / n(n c *(d x e*),u*\ 



< 



64 



I u *('>*)IIx(t^ + j4 4|k*(-,i) 



IX(B(0,R 4 ))' 

(3.19) 



for any t £ K. 
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The proof is similar to the one of Step [2j Given a small positive number 5, we can use (j3.6|) 
to find a radius R such that 



v(H c *(d x s*),u*) 



In view of (|23p and (|3.8p . this gives 

|2j(t)| < ^ c ||^*(-, *)||^ 4(IR) (^||^*(-, *)||^ c ^ (0 ,^)) + ^ll^*C-^)H^(i 

so that by <$J$ and (pTlTj) . 



|2J(*)| <^c||«*(-,i)|| x(R) ^||«*(-,*)|| x(B(0>Ji)) +^h*(-,i)|| x(] 

Estimate (|3,19p follows arguing as in the proof of (|3.5p . 

We are now in position to conclude the proof of Proposition [7J 

End of the proof of Proposition^ Applying the estimates in Steps [1] to [5] to the identity (|3.2p . 
we have 

with i2* = max{i?i, i?2, R3}. Choosing ao small enough, we are led to ([37]) with A* = A\ + A2 + 
A 4 . □ 

3.2 Proof of Lemma Q] 



Identity (|40p derives from a somewhat tedious, but direct computation. For sake of completeness, 
we provide the following details. 

When u G X 3 (R), the function JSu = -2d x u lies in the domain H 2 (R) x L 2 (R) of % c . In 
view of (|39p , the quantity in the right-hand side of (|4U|) is well-defined. Moreover, we can invoke 
(jB.ip to write it as 

2< 5 M c n,^ c (J5n)> L2(R)2 = ^ (_(2 - - ) - c ^^J^i 

^ +4 /■ ^(1-^)^^ 



(3.20) 



r] c v 1 — 7y c y y R 77, 
+ 2c/ [^ c UldxU2 -W^) d ^ UlU2 ' 



In order to simplify the integrations by parts of the integrals in the right-hand side of (|3.20p 
which lead to (|40p . we recall that r/ c solves the equation 



d xx Vc = (2-c 2 )r ?c -3r ?c 2 , (3.21) 

so that we have 



(d xVc r = (2-c 2 ) V 2 c -2 V l and 9 x (^)=-r ?c . (3.22) 
As a consequence, the third integral in the right-hand side of (|3.20p can be expressed as 

4 / ^(l-Tfc) ^,^ = 2 / Mcn |, (3.23) 

JR % JR 
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with fi c := rj c + d xx rj c . The last integral is similarly given by 

/ \ -, ^i^-n 2 c ^ g (ttm 2 ) = - / [ricUiU2 + - u 2 d x ui). (3.24) 

Introducing f|3.23[) and (|3.24p into (|3.20p . we obtain the identity 

2(SM c u,7i c (JSu)) T2(m2 = 1 + 2 / /j c ti 2 - 7T-^ n i - 7i — /, C x dg^i , 

where 

r _ /" / ^Tfe / d^Tfe (d^c) 2 \ 2 _^?c___ 2 ^jc^fc \ o 

iiUcl' (i-^c) 2 (i-^J c (1-^)3 Va-^r 1 ^ 1 

7r % Vl-r? c / 2 7 M /j c 2 7 M /j c (l - r? c )^ 
Relying again on (|3.2ip and (|3,22p . we finally check that 

J = r / — ^1 u l > 



2 7r ^ ^c 

which is enough to complete the proof of identity (|40p . □ 
3.3 Proof of Proposition [8] 

In view of ([3]) and ()40p . the quadratic form G c is well-defined and continuous on More- 
over, setting v = (y/rfcUi, y/rj^U2) and using f|3.22|) . we can write it as 

r> t \ 3 f (p. ZdxTk \ 2 . f Mc / c 3 i] c cd x r) c \2 

Gc{u) = - —\d x vi-— ui J +2/ —fm-- — 7- V Ul ~^r~n J > 3 ' 25 

2 7 R /x c V 2?7 C / 7 R ry c V 4/i c (l - r) c ) 2/i c (l - r/ c ) / 

where we have set, as above, (jl c := r\ c + d xx rj c . Introducing the pair 

/ cd x r] c \ ( ( c(d x rj c ) 2 cd x r] c \\ 

(3.26) 

we obtain 

G c (u) = (T c (w),w) L2m2 , (3.27) 



with 



Tri.lV) I •' \ ' '! \ *>'■ ''■ • //'.!!-'/. I- ' ■\4[i V c )) Wl 2(l-r) c ) W2 \ (; > -_>N) 

2(1^1^1 + ^2 

The operator % in (f3~28]l is self-adjoint on L 2 (M) 2 , with domain Dom(%) = H 2 (R) x L 2 (M). 
Moreover, it follows from (I3.25P and (|3.27p that T c is non-negative, with a kernel equal to 

5 

h j 



Ker(7^) = Span 1 77, 



4/i c (l - r/c) 
In order to establish (|4"3|) . we now prove 
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Step 1. Let c € (— y/2, y/2) \ {0}. There exists a positive number K\, depending continuously on 
c, such that 

(TcM, ™> L 2 W 2 >Ai / (wj + wj), (3.29) 
/or any pair w 6 X 1 (R) suc/i i/mi 



5 

3 ^3^2 



U), ( 7?| , - 7 r ) ) =0. (3.30) 

In order to prove Step [TJ we show that the essential spectrum of T c is given by 

cr ess (T c ) = [t c , +oo) , (3.31) 

with 

(3-^(22 + c^) ^(3-^(22 + ^ 27(2 _ c2)) * >0 , (3 . 32) 



16 2 V 64 

In this case, is an isolated eigenvalue in the spectrum of T c . Inequality (|3.29|) follows with 
Ai either equal to r c , or to the smallest positive eigenvalue of T c - In each case, Ai depends 
continuously on c due to the analytic dependence on c of the operator T c . 

The proof of (|3.3ip relies as usual on the Weyl criterion. We deduce from (|3.2ip and ([3.22D 
that 

^44^3-c 2 , and ^Uiy^ 
Vc{x) r) c [x) 

as x — > ±oo. Coming back to (|3.28p . we introduce the operator Too given by 

/3a , (3-c 2 )(6+c 2 ) c 3 \ 

T ( w ) - ( "2(3^)^1 + 1 8 % 1 " T™2 \ 

T - {w) -{ -^ 1 + 2(3-c> 2 )■ 

By the Weyl criterion, the essential spectrum of T c is equal to the spectrum of Too- 

We next apply again the Weyl criterion to establish that a real number A belongs to the 
spectrum of Too if an d only if there exists a complex number £ such that 

A 2 - f ^^ICI 2 + (3 ' C2) 1 22 + C2) ) A + 3|e| 2 + ? (2 - c 2 ) = 0. 



2 , (3-c 2 )(22 + c 2 )x x , Q|£|2 , 27 

.2(3-c 2 ) l?l 
This is the case if and only if 

3|g| 2 (3-c 2 )(22 + c 2 ) , 1/ 9|£| 4 3(^- 10) 2 225 195 2 229 4 19 6 c 8 \ I 
A= 4(3^) + 16 ^Is^ 4 " 2 lel + ^ <T TfT ~8~ 16/ ' 

Notice that the quantity in the square root of this expression is positive since its discriminant 
with respect to |£| 2 is — 9c 2 /(3 — c 2 ) 2 . As a consequence, we obtain that 

0- e ss(7;) = Cr(Too) = [t c ,+Oo), 

with t c as in (|3.32p . This completes the proof of Step [TJ 

Step 2. There exists a positive number A 2 , depending continuously on c, such that 

G c (u)>A 2 / r] c ((d xUl ) 2 + u\ + ul) , 
Jr 

for any pair u G A 1 (M) suc/i i/iai 

(u,Q c ) L 2 {R) 2 = 0. (3.33) 
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We start by improving the estimate in (|3,29p . Given a pair w G we check that 

(T c (w),w) L 2 (R) 2 - / — {d x wif < A c I (wj + w 2 ,). 

Here and in the sequel, A c refers to a positive number, depending continuously on c. For 
< r < 1, we deduce that 

(T c (w),w) L 2 (R) 2 > (1 - t)(T c (w),w) L 2 (R) 2 + / — (9 x ^i) 2 - A c t I (w\+wl). 

1 JR He JR 



Since r/ c //j c > 1/(3 — c 2 ), we are led to 



(T c (w),w) L 2 (K) 2 > ((l-r)Ai-^ c r) / (wj + w 2 2 )+ 3T / 
under condition (!3.3Up , For r small enough, this provides the lower bound 

(T c (w),w) L 2 iR) 2 > A c / ({dxWxf + w\ + w 2 ,), 



(3.34) 



when w satisfies condition ()3.30p . 

When the pair w depends on the pair u as in (I3.26p . we can express (|3.34p in terms of u. The 
left-hand side of (|3.34p is exactly equal to G c (u) by (|3.27p . whereas for the left-hand side, we 
have 

(OxVc) 2 d xx rj^ 



{(d xWl f + wi) = J^ Vc ^(d xUl ) 2 + (l + 



4r/ c 2rj c 



Since 



, , (OxVc) 2 d xx rj c 2 + c 2 1 



by (|3.2ip and (|3,22p . we deduce that (I3.34p may be written as 

G c (u) > A c [ r} c ((d x ui) 2 + \uf] + A c [ t] c (u 2 - c ^ a?7c Q xUl 
Jr v 2 J Jr \ 2/i c (l - rjc) 



c(d xVc ) 2 s 2 



4 m U c l] c (l - T) c ) 

At this stage, recall that, given two vectors a and b in an Hilbert space H, we have 



ui . 



I All 2 ^ II II 2 r Ikll 2 
\a-b\\ H >T\\a\\ H -j-^\\b\\ H , 



for any < r < 1. In particular, this gives 



G c (u) > A c I T) c ( {d x ui) 2 + -u\ + tu 2 2 



tA_ f ( cd xVc 



HO,- >lr) 2 



1 t Jr V 2/x c (l - Tfc) " ± 4 m u c r/ c (l - rj c ) 
It then remains to choose r small enough so that we can deduce from ([3]) that 



ui . 



G c (u) > A c / r, c {(d xUl ) 2 + u\ + v$), 



when w satisfies condition (|3.30p . i.e. when u is orthogonal to the pair 



+ d x 



/ c A T]l{d x r] c ) ^ 




Wm-vc) 2 ; 


'4/i c (l-7fc)J 



(3.35) 



(3.36) 



25 



The last point to verify is that (|3.35f> remains true, decreasing possibly the value of A c , when 
we replace this orthogonality condition by condition (|3.33p . With this goal in mind, we remark 
that 

(Uc,Qc)l 2 (R) 2 0. 
Otherwise, we would deduce from f|3.35j) that 



= G C (Q C ) >A C [ Vc {(d xr]c ) 2 + rf c + v 2 ) > 0, 

JR 



which is impossible. Moreover, the quantity (u c , Q c )l 2 (R) 2 depends continuously on c in view of 
(|3.36p . We next consider a pair u which satisfies (|3.33p . and we denote A the real number such 
that u = XQ C + u is orthogonal to u c . Since Q c belongs to the kernel of G c , we deduce from 
^ that 

G c (u) = G c (u) > A c [ r/e^ui^ + uf+ul). (3.37) 
On the other hand, since u satisfies (|3.33p . we have 

(u> Qc)l 2 (M) 2 



A 



lL 2 (R) 2 

Using the Cauchy-Schwarz inequality, this leads to 



«? 



so that, by © and (pHTTj) . 

A 2 < A c G c (u) = A c G c (u). 
Combining again with (|3.37p . we are led to 

/ Vc{(d xUl ) 2 + u\ + u 2 2 ) <2(\ 2 l Vc ((d xVc ) 2 + V 2 C + v 2 c ) + I Vc ((d xUl ) 2 + u 2 + u 2 ] 
Jr \ Jr Jr 

<A c G c (u), 
which completes the proof of Step [2J 
Step 3. End of the proof. 

We conclude the proof applying again the last argument in the proof of Step[2j We decompose 
a pair u £ AT(]R), which satisfies the orthogonality condition in (|44p . as u = XQ C + u, with 
(u, Q c )l 2 {R) 2 = 0- Since Q c belongs to the kernel of G c , we deduce from Step [2] that 

G c (u) = G c (u) >A 2 [ Vc {(d xUl ) 2 +u 2 +u 2 ). (3.38) 
Jr 

Relying on the orthogonality condition in (|44p . we next compute 

(u, 5'(9 C Q C ) L 2( R )2 
(Qc Sd c Q c ) L 2^2 

Using the Cauchy-Schwarz inequality and invoking (|42p . we obtain 

A ^i(^)(/i( ( ^ )2 + (fe)2 ))(/,' fc W + ^)- 
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In view of ([3]), we can check that 



dcVc(x) = -==r} c {x)\ 



V / 2^' CV ; V ch(^&) v / 2^7' 

while 

fl ??c , cd c rj c 
O c v c = — r + 



2(1 - Vc ) 2(1 -r? c ) 2 ' 

so that 

/ -((5 c r? c ) 2 + (^ c ) 2 ) <A C . 
As a consequence, we can derive from (|3.38p that 

X 2 <A c G c (u) = A c G c (u). 
Combining again with (I3.38p . we are led to 

f r] c ((d xUl ) 2 + u\ + ul) <2[X 2 f r] c ((d x ri c ) 2 + r] 2 c + v 2 c ) + f r] c ((d xUl ) 2 + u? + u|) 

<A c G c (n). 

It remains to recall that 

»7c(a0 > 4 s e- V5H , 

by © , to obtain (|4"3]l . This completes the proof of Proposition [8j □ 
3.4 Proof of Proposition [9] 

Combining inequality (|3.ip with the definitions for u* in <)35|) . and for % c in (jB.ip . we know that 
there exists a positive number A kc such that 

({d k x ul(x,t)f + (d k x u* 2 (x,t)) 2 )e 2 ^ dx < A kiC , (3.39) 



for any k £ N and any t 6 1. In view of (J36J) an d (|39p . this is enough to guarantee the 
differentiability with respect to time of the quantity 

J*(t) := (M c » {t) u*(-,t),u*(-,t)) L2{R)2 , 

and to check that 

j t [j*) =2(SM c *u\H c *(JSu*)) L2m2 + 2(SM c *u\H c *(Jn c *e*)) L2m2 

+ 2((a*y - c*){SM c *u*,U c *{d x e*)) L2{W - 2{c*)' {SM c *u\U c *{d c Q c *)) i2(K)2 
+ (c*) , <a c M c ^*,n*> L2(R)2 . 

(3.40) 

In particular, the proof of ()45p reduces to estimate the five terms in the right-hand side of (|3.40p . 
Concerning the first one, we derive from Proposition |8j the following estimate. 

Step 1. There exists a positive number B\, depending only on c, such that 
J?(t) ■.= 2(SM c *u*,'H c *(JSu*)) Lm2 >B 1 f [(d x ul) 2 + (ul) 2 + (u* 2 ) 2 ](x,t)e-^dx, (3.41) 
for any t£R. 
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Since the pair u* satisfies the orthogonality condition in (|44p by (]4ip . inequality (|3.41[) is 
exactly (|43|) . setting i?i = A c . 

For the second term, we can prove 



Step 2. There exists a positive number Bi, depending only on t, such that 



|«7 2 *(*)| : = 2 (SM c *u*,H c *(JK c *E* 
for any t G R. 



<B 2 ||e*(.,t)||' ||«*(.,t) 



(3.42) 



In view of ([3]), (|22p and (|39p . we first notice that there exists a positive number ^4 C , depending 
only on c, such that 

ll M c*(t)IL-(M) ^ A t, 
for any t € R. As a consequence, we can write 



|i72 (*)| — ^c|| n *(''*)|lL 2 (R) 2 ll^ c *^'^' c * e *)(''*)|lL 2 (R) 2 ' 
Applying (|3.1ip to the last inequality in (|3.12p . we next check that 
1 1 (t) ( JK C * (t ) e* ) (• ,t) 1 1 L2 (R)2 



<^4 c ||e (• ) *)||x2(R)2 (Jr^('>*)|ll 2 (M)lr^(''*)|lJr 15 (R) + ll e ("'*) 
so that by ([25]) . ([3~T]) and ([37T7]) . we have 

i 

||^C*(t) (^C*(t) e *)(') i )|| i 2( R )2 < ^c||e*(-,i)||2 2 (R) 2 || n *("'*) 
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Estimate ()3,42p follows combining with (|3.44p . 

We now turn to the third term in the right-hand side of (|3.40p . 

Step 3. There exists a positive number B^, depending only on c, such that 

\j£{t)\ :=2\(a*y-c*\\(SM c *u*,H c *(d x e*)) LW \ < B 3 \\E*(-,t)\\l {R) \\u*(-,t)\ 
for any (Et. 

In view of (|23p and ()3.43p . we have 

|i7 3 (t)| < A c \\e t) \\xrn.) \\ u ("' IIl 2 (r) 2 \\7~(-c*(t){dx£ )(',t)\\ L 2m\2, 
for any t € R. Coming back to the definition for T~L C in (jB.ip . we can write 

||^c*(t)(^e*)(-,i)|| L 2 (IR )2 < ^c(||^(-,i)||^ 3 ( K ) + || £ ^(")*)||iJl(R))- 
Hence, by ([3. 11[) again, 

*ir f\\ * n 1 * II - 

||%c*(t)(diE e *)(-)*)|| L 2( K )2 < ^c||e^||22( R )2 ( || e ^( - >*)||H 7 (R) + IriA'j^Hfl-s 



Combining the latter inequality with (|3.ip . (|3.17|) and (|3.46p yields estimate (|3.45p . 
For the fourth term, we have 



(3.43) 
(3.44) 



(3.45) 



(3.46) 
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Step 4. There exists a positive number B^, depending only on c, such that 

\Ji(t)\ := 2\(c*)'\\{SM c *u*,'H c *(d c Q c *)) L2{M)2 \ < B4e*(-,t)\\l m \\u*(.,t)\\ 2 x{Ry (3.47) 

for any t£R. 

Similarly, we deduce from (|23p and (|3.43p that 

\Jt{t)\ < A c \\e*(-,t)\\ x(R) \\u*(-,t)\\ L2(R ^. 

Estimate (|3.47p then appears as a consequence of (|22p and (|3.17p . 
The fifth term is estimated in a similar way. 

Step 5. There exists a positive number B§, depending only on t, such that 

\Jl{t)\ := \(c*y\\(d c M c *u\u*) L2m2 \ < B4e*(-,t)\\ xm \\u*(-,t)\\ 2 xm , (3.48) 
for any t £ 1R. 

We derive again from (J3j> and (|39p the existence of a positive number A c , depending only on 
c, such that 

\\d c M c * {t) \\ Lao{R) < A c , 
for any t 6 R. As a consequence of (|23p . we infer that 

(t)\ < A c \\e ('it)\\x(R)\\ u (■' ^)|Il 2 (ir) 2 " 



This provides (|3.48p . relying again on (|22p . 

In order to conclude the proof of Proposition [9j it remains to combine the five previous steps 
to obtain (05]), with B„ := max { 1 /B x ,B 2 + B 3 + B 4 + B 5 }. □ 

3.5 Proof of Corollary ffl 

Corollary [T] is a consequence of Propositions [7] and |UJ As a matter of fact, combining the two 
estimates (|37p and f[45|) with the definition of N(t), we obtain 

j t ((N(t)u*(-,t),u*(-,t)) LHnr ) > (^-^e^n^o,*)!!^)^^-,*)!! 2 

for any i GR. Invoking (|22|) . it remains to fix the parameter /3 C such that 

1 2 - c 2 



X «- 128^3^*' 

for any i £ R, in order to obtain (|46p . Since the map i h-> (N (t)u* (■ , t) , u* (■ , t)) L 2 ^2 is uniformly 
bounded by (|3.39|) and ([3.43p . estimate (|47p follows by integrating (|46p from t = —00 to t = +00. 
Finally, statement (|48p is a direct consequence of (|47p. □ 
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A On the regularity and smoothness of the Gross-Pitaevskii flow 



A.l Continuity with respect to weak convergence in the energy space 

It is shown in |21) (see also [8) I10| [3]) that the Gross-Pitaevskii equation is globally well-posed 
in the spaces 

X k (R) := {ip G L°°{R), s.t. j] := 1 - |f| 2 G L 2 {R) and d x ip G H k (R)}, 
equipped with the metric structure provided by the distance 

d k {^\,^2) ■= ||^i - i>2\\ L cc {R) + \\d x tpi - d x ^ 2 \\ Hkm + \\m - ^H^^)) 

where we have set, as above, r\\ := 1 — l^i] 2 and 772 := 1 — |^2| 2 - 

Proposition A.l ([21]). Let k G N and G There exists a unique solution ^ in 

C°(R, X k (R)) to ()GPp wi/i initial data ^q. Moreover, the flow map — > \l/(-,T) is continuous 
on X k (R) for any fixed T£R, and the map t — > t) belongs to C 1 (M, X k (R)) when ^0 belongs 
to X k+2 (R). Finally, the Ginzburg- Landau energy is conserved along the flow, i.e. 

£(¥(-,t)) =£(¥„), (A.l) 

/or any (Et. 

In order to establish the continuity of the Gross-Pitaevskii flow with respect to some suitable 
notion of weak convergence, it is helpful to enlarge slightly the range of function spaces in which 
it is possible to solve the Cauchy problem for (IGPp . For 1/2 < s < 1, we define the Zhidkov 
spaces Z S (R) as 

Z S (R) := {V> G L°°(R), s.t. d x %f> G H^iR)}, 
and we endow them with the norm 

II^IU»(R) := IML°°(]R) + II'^IIhs-i(r)- 

We then prove 

Proposition A. 2. Let 1/2 < s < 1 and *$>q G Z s (R). There exists a unique maximal solution 
* G C°((T min ,T max ),Z s (R)) to (fGPjl toit/i znitaaZ datom *°. 

Proof. Proposition IA.2I is essentially due to Gallo who has proved it in [8] when s G N* . Due to 
the Sobolev embedding theorem of H S (R) into L°°(R) for s > 1/2, the proof in [8] extends to 
the case s > 1/2. As a consequence, we refer to [8] for a detailed proof. □ 

In the framework provided by Proposition IA.1| we can introduce a notion of weak convergence 
for which the Gross-Pitaevskii flow is continuous. We consider a sequence of initial conditions 
$ n G X(M.) such that the energies £(^ n ,o) are uniformly bounded with respect to n. Invoking 
the Rellich-Kondrachov theorem, there exists a function £ X(M) such that, going possibly to 
a subsequence, 

x ¥q mL 2 (R), l_|^ n0 |2^i_|^ |2 inL 2 (R); (A2) 
and, for any compact subset of R, 

* n , Q ^*o inL°°(K), (A.3) 

as n — > +00. We claim that the convergences provided by (|A.2p and (|A.3j) are conserved along 
the Gross-Pitaevskii flow. 
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Proposition A. 3. We consider a sequence (^ n ,o)neN G Af(R) N , and a function S X(M.) such 
that assumptions (|A.2j) and (|A,3P are satisfied, and we denote ty n , respectively the unique 
global solutions to (|GP|) initial datum ^ n ,0> respectively ^q, given by Proposition \A. 1\ For 
any fixed ( 6 R and any compact subset K of R ; we have 

tt„(-,t) t) inL°°(K), (A.4) 

when n — > +00, as well as 

9A(',t)^^(-,t) inL 2 (M), and 1 - |* n (-, t)\ 2 -± 1 - t)\ 2 in L 2 (R). (A.5) 

Proof. The proof is standard. For sake of completeness, we recall some details. 

As usual, we first bound suitably the functions Vl/ n and rj n := 1 — l^nl 2 - In view of the weak 
convergences in assumption ()A,2p . there exists a positive constant M such that 

£(*n,o) < M 2 , 

for any n 6 N. Since the energy £ is conserved along the (|GPj) flow by f)A. 1|) . we deduce that 

\\d x iH n {;t)\\ L 2 {R) <V2M, and \\vn(;t)\\ L 2 (R) < 2M, (A.6) 

for any n 6 N and any t € R. Invoking the Sobolev embedding theorem, we next write 

1 1 

ll*n(-,*)||£°°(R) < 1 + \\Vn(-,t)\\L°°(M.) < 1 + \\Vn(',t)\\jp^)\\dxrh(->t)\\h(Ry 

Since 

\\dxVn(-,t)\\ L 2 {R) < 2||^ n (-,t)|| L oc (R) ||a x * n (-,t)|| L 2 (R) , 

we obtain the uniform bounds 

||*n(-^)[U«»(M) < Km, and \\d x r) n (-, t) || L 2 (K) < K M , (A. 7) 

where is a positive number depending only on M. In particular, given a fixed positive 
number T, we deduce that 



/ f \d x ^ n (x,t)\ 2 dxdt < M 2 T, and / / rj n (x, t) 2 dx dt < M 2 T. 
Jo Jr Jo Jr 



(Ai 



With bounds (jA~7j) and (jA~8]) at hand, we are in position to construct weak limits for the 
functions and r\ n . In view of (|A.8p . there exist two functions <l>i £ L 2 (R x [0,T]) and 
N € L 2 (R x [0, T]) such that, up to a further subsequence, 

dx^n^Q! ini 2 (lx[0,T]), and rj n N in L 2 (R x [0, T]), (A.9) 

when n — > 00. Similarly, we can invoke (|A.7p to exhibit a function $ E L°°(R x [0, T]) such that, 
up to a further subsequence, 

^ n A $ in L°°(R x [0,T]), (A.10) 
when n -4 +00. Combining with (jA.9|) . we remark that <3?i = d x § in the sense of distributions. 

Our goal is now to check that the function <!> is solution to (|GPp . This requires to improve 
the convergences in ()A.9|) and (jA.lOp . With this goal in mind, we introduce a cut-off function 
X € C£°(R) such that \ = 1 on [—1, 1] and x = on (—00, 2]U [2, +00), and we set Xpi') := xUp) 
for any integer p £ N*. In view of ()A.6P and (|A.8|) . the sequence (Xp^n)neN is bounded in 
C°([0, T], i? 1 (R)). By the Rellich-Kondrachov theorem, the sets {x p ^> n (- , t) , n G N} are relatively 
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compact in H for any fixed t G [0, T}. On the other hand, the function \l/ n is solution to 

(IGPp . so that its time derivative dt^ n belongs to C° ([0,T], H^ 1 (R)) and satisfies 

l|3t**('jf)||tf-i(tt) < ll^*n(-,t)||L2(R) + ll*n(-,*)IU°°(K)||?7n(-,i)|k2(K) < K M- 

As a consequence, the functions Xp^n are equicontinuous in C°([0, T], Applying the 

Arzela-Ascoli theorem and using the Cantor diagonal argument, we can find a further subsequence 
(independent of p), such that, for each p£N*, 

xp^n^xp® inc°([o,:r],.Er 1 (R)), (a.ii) 

as n — )• +00. Recalling that the functions Xp^n are uniformly bounded in C°([0,T], H 1 (W)), we 
deduce that the convergence in (|A.llj) also holds in the spaces C°([0, T], H S (M.)) for any s < 1. 
In particular, by the Sobolev embedding theorem, we obtain 

Xp^u^Xp® inC°([0,T],C°(R)), (A.12) 

as n — > +00. 

Such convergences are enough to establish that <E> is solution to (|GPj) . Let h be a function in 
C£°(R). Since the functions Xp^n are uniformly bounded in C°([0, T],C°(M)), we check (for an 
integer p such that supp(/i) C [— p,p\) that 

h Vn (;t) = h(l-x 2 p \*n(;t)\ 2 ) -^h(l-x 2 p M;t)\ 2 ) =h{l-M-,t)\ 2 ) in C°(R), (A.13) 

as n — )• +00, the convergence being uniform with respect to t G [0, T]. In view of (|A.9p . we 
deduce that iV = 1 — |#| 2 . Similarly, we compute 

=/iXp*n(-,t) = h$(-,t) inC°(R), (A.14) 

as n —7- +00. In view of (|A.9p . we infer that 

- |$| 2 )$ in L 2 (lx[0,T]). 

Going back to (jA~9|) and (H), we recall that 

z'<9 t * n -M<%$ in P'(R x [0,T]), and d 2 xx ^ n ^rd 2 xx § in 2?'(R x [0, T]), 

as n — 7- +00, so that it remains to take the limit n —> +00 in the expression 

T r 

idt^n + dl x ^ n + r] n ^ n )h = 0, 







where h G C£°(M x [0,T]), in order to establish that is solution to (jGPp in the sense of 
distributions. Moreover, we infer from (jA~3P and (|A~14P that $(-,0) = * - 

In order to prove that the function $ coincides with the solution \I/ in Proposition IA.3| it is 
sufficient, in view of the uniqueness result in Proposition IA.2| to establish the 

Claim. The function $ belongs to C°([0, T],Z S (R)) for any 1/2 < s < 1. 

Proof of the claim. Let t G [0,T] be fixed. We deduce from ([ATB]) . (rA~TT|) and (|A~1~3|) that, up to 
a subsequence (depending on t), 

W,^^^) inL 2 (R), and r/ n (-, t) ->> 1 - |$(-, t)\ 2 in L 2 (R), (A.15) 
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as n — > +00. We also know that 

[ \d x <f>(-,t)\ 2 < 2M 2 , and / (l - |$(-, t)\ 2 ) 2 < AM 2 . (A.16) 
Jr Jr 

In particular, the maps d x $ and 1 - |$| 2 belong to L°°([0, T],L 2 (R)), respectively L°°([0,T], 
H 1 ^)). Since 

id t {d x <S>)=-d 3 xxx $-d x (r,<I>), 

the derivative d x <S> actually belongs to lU^QO, T], H~ 2 (R)). H ence, it is continuous with values 
into H~ 2 (R). By (lA~T6]l . it remains continuous with values into iP(R) for any — 2 < s < 0. 
Similarly, the functions ry n solve the equations 

d tr]n = 2d x ((id x y n ,* n )c). (A.17) 
Invoking ()A,9[) and (lA.14p . we know that 

*„) c -> h(id x $, $) c in L 2 (M x [0, T]), 
for any /i £ C£°(R). Using (|A.13P to take the limit n +00 into ()A.17p . we are led to 

d t (l - \$\ 2 ) = 2d x ((id x $,<Z>)c), 

in the sense of distributions. We deduce as above that the map 1 — |$| 2 belongs to VF 1,oo ([0, T], 
therefore that it is continuous with values into and finally with values into 

H S (M) for any — 1 < s < 1. At this stage, it suffices to apply the Sobolev embedding theorem 
to guarantee that <& is also in C°([0, T], L°°(]R)), and, as a consequence, in C°([0, T], Z S (W)) for 
any 1/2 < s < 1, which proves the claim. □ 

By Proposition IA.2| the maps $ and Vl/ are therefore two identical solutions to (jGPp in 
C°([0, T], Z S (K)) for 1/2 < s < 1. Arguing as in ()A,15j) . we conclude that, given any fixed 
number t € [0, T], we have, up to a subsequence (depending on t), 

d x ^ n -± d x V(-,t) inL 2 (M), and r/ n ->> 1 - t)\ 2 in L 2 (R). (A.18) 

Given any compact subset K of R, we also deduce from (1A.12D that 

* n (-,t) -)>*(■,*) inL°°(K), 

as n — >• +00. 

In order to complete the proof of Proposition IA.31 we now argue by contradiction assuming 
the existence of a positive number T, a function h G L 2 (1R) and a positive number 5 such that 
we have 

f (d x ^^ n) {x,T)-d x ^(x,T))h(x)dx >8, 

for a subsequence (^' (/ ,( n ))neN- Up to the choice of a further subsequence (possibly depending 
on T), this in contradiction with (|A.18j) . Here, we have made the choice to deny one of the 
weak convergences in ()A.5|) . but a contradiction identically appears when (|A.4p or the other 
convergence in ()A,5P is alternatively denied. Since the proof extends with no change to the case 
where T is negative, this concludes the proof of Proposition IA.3I □ 
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A natural framework for solving the hydrodynamical form of the Gross-Pitaevskii equation is 
provided by the functions spaces 

MV k (R) := \(n,v) G X k (R), s.t. maxr/fx) < l), 

1 x€R ' 

where we have set 

X k (R) := H k+1 (R) x H k (R). 
A counter-part of Proposition IA.1I in terms of (jHGPj) is stated as follows. 

Proposition A. 4 (|20|). Let k G N and (t]°,v°) G AfV k (R). There exists a maximal time 
Tma,x > and a unique solution (t],v) G C°([0, T max ), AAV fc (M)) to (jHGPp with initial datum 
(rj°,v ). The maximal time T max is continuous with respect to the initial datum (t]°,v ), and is 
characterized by 

lim maxn(x,t) = 1 if T max < +oo. 
Moreover, the energy E and the momentum P are constant along the flow. 

In this setting, it is possible to establish the following version of the weak continuity of the 
hydrodynamical flow. 

Proposition A. 5. We consider a sequence (r/n.Cb v n,o)neN G A/"V(IR) N , and a pair (rjo,Vo) G 
A/"V(M) such that 

Vnfi^Vo mH^R), and v nfl -± v in L 2 {R), (A. 19) 

as n — > +oo. We denote by (r] n ,v n ) the unique solutions to (jHGPp with initial data (r] n fi,v n fi) 
given by Proposition A.J^, and we assume that there exists a positive number T such that the 
solutions (r] n ,v n ) are defined on [—T,T], and satisfy the condition 

sup sup max?7 n (x, t) < 1 — <r, (A. 20) 

neN te[~T,T] xeM 

for a given positive number a. Then, the unique solution (ij, v) to (jHGPp with initial data (770, vq) 
is also defined on [—T,T], and for any t G [—T,T], we have 

Vn(t)^r](t) in-ff^K), and v n (t) -± v(t) in L 2 (M), (A.21) 

as n — > +00. 

Proof. The proof relies on applying Proposition IA.3I to the solutions ^ n and \£ to (|GPp with 
initial data 

tf n , := V 1 ~ Vnfie^- , and tf := y/T^e™, 

where we have set 

/■x rx 

<Pn,o(x) := / v nfi (y)dy, and (p (x) := / v {y)dy. (A.22) 
io Jo 

The weak convergences in ()A.2ip then follow from the convergences in (|A.4p and (jA.5p . 

With this goal in mind, we first remark that the map ipo in ()A.22p defines a continuous function 
with derivative vq in L 2 (R), while ^/l — t]q defines a function in H 1 (R). As a consequence, the 
function ^q, an d similarly the functions ^f n fi, are well-defined on R and belong to <Y(M), with 
derivatives 



V 2^/1^770 / v 2y/l - r] nfi ' 



(A.23) 
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We now check the first assumption in (|A.2p , as well as (1A.3P . The second assumption in (|A.2p 
is already included in ()A,19p . In view of ()A,22p . we write 

<Pn,o(x) ~ <fo(x) = (V n ,0 ~ Vq, 1[ ,x])l 2 (M), 
for any x G R, so that, by (|A.19ll . 

as n — t- +00. On the other hand, it again follows from ()A.22|) that 

\<Pn,o(x) - <Pn,o(y)\ <\ x ~ y\*\\Vn,o\\L 2 (R), 

for any (x, y) G R 2 . Given a compact subset K of R, we deduce from the Ascoli-Arzela theorem 
and the Cantor diagonal argument that, passing to a subsequence independent of K, we have 

^n,o <£o in L°°(K), 

as n — t- +00. In particular, 

e ¥ "Me iw in L°°(if), (A.24) 

as n — > +00. Similarly, if follows from (|A.19P and the Rellich-Kondrachov theorem that, up to a 
further subsequence, 

sfi ~ Vn,o -> V 1 - % inL°°(K), (A.25) 
as n — )• +00. Since the maps e l</3n '° are uniformly bounded by 1, we conclude that 

%,,o^*o inL°°(K), 

as n — > +00. 

The proof of the first assumption in <\A.2\i is similar. We deduce from (IA,20p and ()A,25P that 
a/1 - Vn,o > Vcr, and y/l-rjo > ^fa on R. 
Combining ()A.23P with the convergences in (IA.19p . ()A.24[) and ()A.25p . we are led to 

9*¥n,0 ^ M) mL 2 (M), 

as n — )• +00. 

As a consequence, we can apply Proposition IA.3I to the solutions ^> n and '3/ to (|GPp with 
initial data ^ n> o, respectively ^S>q. Given any number t G R, we obtain in the limit n —> +00, 

¥ n (.,t) -►¥(•,*) inL°°(K), (A.26) 

for any compact subset X of R, as well as 

S**n(-,*) inL 2 (R), and 1 - |* n (-, t)\ 2 - 1 - t)\ 2 in L 2 (R). (A.27) 

Setting 

^ n :=l-|^ n | 2 , and ?j ■= 1 - \q>\ 2 , 
we infer similarly from (|A.26p . ()A.27|) and the identities d x rjt n -\ = — 2(\l/( n ), 9a;*(n))c that 

r} n (;t) -^rj(-,t) in H\R), (A.28) 

as n — > +00. In order to derive the first convergence in (|A.2ip . it remains to check that the 
functions r\ n and r\ are equal to rj n , respectively rj. This can be done by invoking the uniqueness 
result in Proposition I A. 41 for the solutions to (|HGPp . 
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With this goal in mind, we first derive from the Sobolev embedding theorem that 

1 - |Vv| 2 -> 1 - iVf inL 00 ' 



when tpp — > ifi in A"(R) as p — > +00. Since r/ nj o satisfies (|A.20p . and ^ n is continuous from R to 
A'(R), we can exhibit a number t„ G (0, T), depending possibly on n, such that 

sup maxfj n (x,t) < 1 . (A. 29) 

te[-r n ,r n ] zeu 2 

As a consequence, we can define a function J„:Rx [— r n ,r n ] — > R according to the expression 

^~ l-|^n| 2 • 

Since ^ n is in C°([— r n , r n ], L°°(R)), the function w„ is continuous on [— r n ,r n ] with values into 
L 2 (R). Similarly, is continuous on [— r„,r n ] with values in i? 1 (R). In view of ()A.29p . we 
conclude that the pair (rj n ,v n ) belongs to C°([— r n , r n ], jV"V(R)). Moreover, the map ^ n being a 
solution to (|GPp . the pair (rj n ,v n ) solves (jHGPp in the sense of distributions for an initial data 
equal to (rj n fi,v n fi). As a conclusion, this pair coincides with the solution (r] n ,v n ) on [— r n ,r n ]. 
Using a standard connectedness argument, we derive that the function v n is well-defined in 
C°([—T, T], L°°(R)), and that 

(rj n (x,t),v n (x,t)) = (r] n (x,t),v n (x,t)), 

for any x G R and t G [-T, T]. 

Due to (lA~25t one can rely on the same approach to establish that the function 

" = l-l*l 2 ' 

is well-defined in C°([-T, T], L°°(R)), and that 

(r/(x,t),u(x,t)) = (r)(x,t),v(x,t)), 

for any x G R and any i G [— T, T]. The first convergence in (|A.21j) is then exactly (|A.28|> . 
Concerning the second one, we deduce from (|A.20p . ()A.26P and ()A.27p that 

l_|* n |2 ^ 1 _ |^|2 mL W' 

as n — > +00. This is exactly the desired convergence. 

However, the two convergences are only available for a subsequence, so that we have to argue 
by contradiction as in the proof of Proposition IA.3I to conclude the proof of Proposition IA.5I □ 

A. 1.1 Proof of Proposition Q] 

In order to establish (j2~6|) . we apply Proposition IA. 51 Relying on assumption (|15p and the explicit 
formula for Q c (t n ) m ©, we check that 



Qc(t n ) -> Qc* in X{ 
as n — > +00. Combining with (|14p . we are led to 

(rj(- + a(t n ),t n ),v{- + a{t n ),t n )) s* + Q C * in A(R), 
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as n — > +00. The weak convergence in (|26p then appears as a direct consequence of (|A.21D 
since t t— y (r/(- + a(t n ),t n + t),v(- + a(t n ),t n + t)) and (r]*,v*) are the solutions to (jHGPp with 
initial data (77 (• + a(i n ), i n ), v (• + a(t n ),t n )), respectively £q + Qc*, and since assumption (|A.20p 
is satisfied in view of ([7]). 

Concerning ([27]) . we rely on ([8]) to claim that the map t 1— > c{t) is bounded on R. We next 
combine (JBJ) and ([9]) to show that a 1 is a bounded function on M.. As a consequence, the sequences 
(a(t n -\-t) — a(t n )) n£ N an d (c(t n + i))neN are bounded, so that the proof of ([27|) reduces to establish 
that the unique possible accumulation points for these sequences are a*(t), respectively c*(t). 

In order to derive this further property, we assume that, up to a possible subsequence, we 
have 

a(t n + 1) — a(t n ) —f a, and c(t n + t) — > a, (A. 30) 

as n — > +00. Given a function (ft G H (K), we next write 

(ry(- + a(t n + t),t n + t), 0) H i (R) =(??(■ + a(t n ),t n + t), 0(- - a(t n + 1) + a{t n )) - <ft(- - a)) m{R) 

+ (V(- + a(t n ),t n + t), (ft{- - a)) H i (R y 

Combining (12611 and (|A.30P with the well-known fact that 

(ft{- + h)^(ft inH 1 ^), 

when h — > 0, we deduce that 

r)(- + a(t n + t),t n + t) -± /?*(• + a, t) in H l ( 
as n — > +00. Similarly, we have 

v(- + a{t n + t),t n + t)^v*(- + a, t) in L 2 { 
Since 

Qc(t n+ t)^Qa mX{R), 
as n — > +00 by (|A.30p . we also obtain 

s(-,t n + t) - (rj*(- + a,t),v*(- + a,t)) -Q a inX(R), (A.31) 

as n — >■ +00. 

At this stage, we again rely on the second convergence in (|A.30P to prove that 

d x Qc(t„+t) -> dxQa in L 2 (M) 2 , 

as n — > +00, and the similar convergence for P 1 (Q c (t n +t))- With (|A.3ip at hand, this is enough 
to take the limit n — > +00 in the two orthogonality conditions in Q in order to get the identities 

((77* (• + a, t), v* (• + a, t)) - Q CT , d x Q a ) L2{R)2 = P'(Q a ) ((r?*(- + a, t), u *(• + «, i)) - Qa) = 0. 

Using the uniqueness of the parameters a* (t) and c* (t) in (I20p , we deduce that 

a = a*{t), and a = c*(t), (A.32) 



which is enough to complete the proof of (I27p , Convergence (I28p follows combining (|20p with 
(jHH) and (lA~32l) . □ 
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A. 2 Smoothing properties for space localized solutions 

We consider a solution u G C°(R, L 2 (R)) to the inhomogeneous linear Schrodinger equation (|LSp . 
with F G L 2 (R, L 2 (R)), and we assume that 

f [ {\u(x,t)\ 2 + \F(x,t)\ 2 )e Xx dxdt < +00, (A.33) 

for any positive number T. Our goal is to establish that the exponential decay for u and F 
in (|A.33j) induces a smoothing effect on u in such a way that d x u belongs to L 2 oc (R x R). In 
order to derive this effect, we rely on the following virial type identity. We refer to the work by 
Escauriaza, Kenig, Ponce and Vega |7] for useful extensions in related contexts. 

Lemma A. 1. Let u be a solution in C°(R, iT^R)) to flES), with F G L 2 (R, 1 (R) ) . We consider 
two real numbers a < b, a function \ G C 2 (R) such that x( a ) = x{b) = 0, and a bounded function 
<J> G C 4 (R), loif/i bounded derivatives. Then, we have 



d x u{x,t)\ 2 &'{x) X {t)dxdt = / (\u(x,a)\ 2 x'{a) - \u(x, b)\ 2 X '(b)) §(x) dx 

Jr^ ' 

+ / / \u{x,t)\ 2 U{x)x"{t) + $ {A) (x) X (t))dxdt + 2 [ [ (F(x,t),iu(x,t)) c $(x)x'(t)dxdt 

I r, 7lB V / /„ 7lB 



-2 / / (F(x,t),u(x,t))c«> ,/ (x)x(i)rfx^-4 / f (F(x,t),d x u(x,t)) c &(x) X (t)dxdt. 
Ja Jr Ja Jr 

(A.34) 

Proof. We introduce the map H given by 

S(t) = / \u(x,t)\ 2 $(x)dx, 
Jr 

for any t G R. When u is a smooth solution to (jLSp . we are allowed to compute 

E'(i) = 2 / (F(x,t),iu(x,t)) c <S>(x)dx + 2 / (d x u(x,t),iu(x,t))c&(x) dx, 
Jr Jr 

as well as 

3"(i)=W [ (F(x,t),iu(x,t)) c $(x)dx) +4 [ (F(x,t),d x u(x,t)) c &(x)dx 



+ 2 (F(x,t),u(x,t)) c ®"(x)dx + 4 / IdXM)^"^)^- / Hx,i)| 2 $ (4) (x)da;. 
jk Jr Jr 

(A.35) 

Formula (|A.34j) follows by writing the identity 

b ~"(t) X (t) dt = -E(b) X '(b) + ~(a) X '(a) + t E(t) X "(t) dt, 



and integrating by parts (with respect to t) the first integral in the right-hand side of (|A.35j) . 

When u is only in C (R, i? 1 (R)), we introduce a sequence of smooth functions (it mi a)meN an d 
(-Fm)meN such that 

u m , a ^u{-,a) in ff^K), and F m -> F in L 2 (R, iJ^R)), (A.36) 
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as m — > +00. We denote by u m the unique solution to ()LS[) . in which F is replaced by F m , with 
u m (',o) = u ma - Since u m is a smooth solution to (|LSp . identity (|A.34p holds for the functions 
u m and F m . On the other hand, we can deduce from the convergences in (]A.36j) applying an 
energy method to (jLSp that 



u m ->u inC (M,i3' 1 



when m — > +00. Combining with (1A.36|) and taking the limit m — > +00, we obtain identity 
(|A.34p for the functions u and F. □ 



A. 2.1 Proof of Proposition [5] 



We apply Lemma lA . 1 1 wit h a = —T — 1 and b = T + 1, and for a function \ £ C<-(R, [0, 1]), with 
compact support in [— T — 1,T + 1], and such that x = 1 on [—T,T]. 

Concerning the choice of the function <I>, we would like to set <3?(x) = e Xx for any x E R. 
However, this function is not bounded, as well as its derivatives. In order to by-pass this difficulty, 
we introduce a function (j) E C°°(R, [0, 1]) with compact support in [—2,2] and such that 0=1 
on [—1,1], and we set 



(j) n {x) = 4> 



n 



for any n E N* and any We then apply Lemma lA.ll to the function 



$n(x) 



(x e 



Xx 



which is bounded, with bounded derivatives. 

At this stage, we have to face a second difficulty Lemma [A. II is available for functions u and 
F in C°(M, H l {M)), respectively L 2 (M, ii/' 1 (lR)), but we would like to apply it when u and F are 
only in C°(R, L 2 (M)), respectively L 2 (M, L 2 (M)). As a consequence, we first mollify the functions 
u and F by introducing a smooth function /i E C£°(]R x R), with compact support in [—1, l] 2 
and such that J^ 2 fJ> = 1, and by setting 



u*fi m , and F m = F*fj, r , 



(A.37) 



with fj, m (x,t) = m 2 n(mx,mt) for any m E N and any (x,t) E R 2 . In a second step, we will 
complete the proof by taking the limit m —> +00. 

Since F is in L 2 (R, L 2 (R)), we first deduce from (|A.37p and the Young inequality that F m 
belongs to L 2 (R, H 1 ^)), with the bounds 



■ rr ll 



for £ E {0, 1}. Similarly, we compute 



\d^,u m (x, t) — d^u m (x, to)\ dx 



< m \\F\\v*(R,V( 



l^llii 



< 



^II^mIUi(k 2 ) 



u(-,t ) - u(-,t ) 



-1 J-i 

so that u m belongs to C°(R, H 1 ^)), with the bound 

\\9x u m\\c ([-T-l,T+l],L 2 (M.)) - m \\ u \\e°([-T-l,T+l],L 2 



2 



L 1 



\din(T)\dT, 
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which can be derived using the same arguments. As a consequence, we are in position to apply 
Lemma [A. II to obtain the identity 



I / / \d x u m (x,t)\ 2 {Mx)e Xx )"x(t)dxdt 
--2 / / (F m (x,t),i 

Urn (3?) t))c ( t ) n(x)e Xx x'(t) dx dt 

Jr Jr 

-2 (F m (x,t) t)) c (Mx)e Xx )"x(t)dxdt (A.38) 

Jr Jr 

-4 f [ (F m (x,t),d x u m (x,t)) c (Mx)e Xx )'x(t)dxdt 

R 

\u m (x,t)\ 2 (^(zJe^V'C*) + {Mx)e Xx ) i4) x(t))dxdt. 



+ 



In order to take the limit n —> +00, we first combine (|A,33P with ()A.37p to obtain the bound 
rT+l 
J-T-l 



(\d e x u m (x,t)\ 2 + \diF m { Xl t)\ 2 )e Xx dxdt 

2 rT+2 



<m 2i ( [ [ \di^(x,t)\e^ dxdt) x [ + [ (\u{x,t)\ 2 + \F{x,t)\ 2 )e Xx dxdt < +00, 
\JrJr J J—T—2 Jr. 

for £ 6 {0, 1}. It follows that all the integrals in (|A.38j) can be written under the form 

(■T+l (■ 

I n (k,G)= / / G{x,t)(j)^{x)dxdt ) 



J-T-l JR 

with G G L l {[—T — 1, T + 1], L 1 (R)) and < k < 4. Since 

"T+l 



In(k,G) -+ S kj0 [ I G(x,t)dxdt, 

J-T-l JR 



as n — > +00 by the dominated convergence theorem, we obtain in the limit n — > +00, 

/•T+l r rT+l r 

4A 2 / / \d x u m (x,t)\ 2 e Xx X (t)dxdt=2 / (F m (x,t),iu m (x,t)) c e Xx x'(t)dxdt 

J-T-IJR J-T-l JR 

/•T+l r 

-2A 2 / / (F m (x,t),u m (x,t)) c e Xx x(t)dxdt 

J-T-l JR 
rT+l r 

-4A / / {F m (x,t),d x u m (x,t)) c e Xx x(t)dxdt 



+ 



J-T-l 
T+l 



T- 



f \u m (x,t)\ 2 e Xx ( X "(t) + \ 4 x(t)yxdt. 
1 JWL 

(A.39) 



We now use the inequality 2q/3 < a 2 + /3 2 to write 

rT+l r 

2 / / {F m (x,t),i 
J-T-l JR 

rT+l r rT+l r 

<K X ( I / \u m {x,t)\ 2 e Xx dxdt+- / / \F m (x, t)\ 2 e Xx dxdt ) , 

-T-l il J-T-l JR 
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(A.40) 



with K\ := IIx'IIl 00 ^)- Similarly, we have 
r-T+l 



2 1 I [2\(F m (x,t),d x u m (x,t)) c + X (F m (x,t) 

j Urn 

t))c)e Ax x(t)dxdt 

T-l 



<\ 2 



T+l 



T-l 



T+l 



\u m (x,t)\ z e Ax dxdt + 2\ z I \ \d x u m (x , t)\ z e Ax x(t) dx dt 

J -T-l 

r-T+l 



+ (2 + A 2 ) f [ \F rn (x,t)\ 2 e Xx dxdt. 

J -T-l JR 

Combining with (|A.39[) and ()A,40[) . we obtain the inequality 

r-T+l 



2\ l 



T-l 



\d x u m (x, t)\ 2 e Xx X {t) dx dt < (K x + K 2 + X 2 + A 4 ) 



T+l 



-T-l 



\u m (x,t)\ 2 e Xx dx dt 



/•T+l r 

+ (K 1 + \ 2 + 2) / \F m (x,t)\ 2 e Xx dxdt, 

J -T-l JK. 



with K2 := ||x"||l°°(r)- At this stage, we rely on the properties of the function x to obtain the 
inequality H 



I-T r-T+l 

2\ 2 / / \d x u m {x,t)\ 2 e Xx dxdt < K x / 

J-TJR J-T-l 



{\u m (x,t)\ 2 + \F m (x,t)\ 2 )e Xx dxdt, (A.41) 



for some positive constant K\, depending only on A. 

In order to conclude the proof, we finally consider the limit m — > +00. Using the linearity of 
(jLSj) . we can transform ()A.4ip into 



fT 



2X 2 / \d x u m (x,t) - d x u p (x,t)\ 2 e Xx dxdt 
J-tJr 

T+l r 

<K X I / (\u m (x,t)-u p (x,t)\ 2 + \F m {x,t)-F p (x,t)\ 2 )e Xx dxdt, 

-T-l JR 
j*\2 



for any (m,p) £ (N*) . On the other hand, we can check that 

r-T+l 



T-l 



\u m (x, t) — u(x, t)\ 2 e Xx dx dt 



< 4 II^IIli(r2) su p 

|s|<1,|j/|<1J-T-1 



T+l 



y . s 

u\ x , t 

m m 



u(x, t) 



e Xx dxdt. 



(A.42) 



Setting v(x,t) = u(x,t)e 2 , we observe that 

/•T+l 

J-T-l 



y . s 

u\x , t 

m m 



u(x, t) 



' e Xx dx dt 



< 



T+l 



T-l 



v(x,t)f 



2m. , 
e 2m — 1 



+ 



v(x — — , t ) — v(x, t) 

m m 



2 M\ 
e m. \ dx dt. 



Since v G L 2 ([-T - 2, T + 2], L 2 (R)) by (|A"l33j) . we obtain the convergence 

r-T+l 



T-l 



\u m (x,t) - u(x,t)\ 2 e Xx dxdt -> 



2 The choice of \ can indeed be made so that Ki and K2 are independent of T. 
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as m — > +00. Due to (|A.33j) again, similar convergence holds for the functions F m and F. 

In particular, we infer from ()A,42j) that the functions (x,t) 1— > d x u m (x,t)e~ form a Cauchy 
sequence in L 2 ([— T, T], L 2 (R)). In view of (lA,37p . their limit in the sense of distributions is the 
map (x,t) 1 — y d x u(x, t)e~ . As a consequence, this map belongs to L 2 ([— T, T], L 2 (R)), with 

T r 

/ \d x u m (x,t) - d x u(x,t)\ 2 e Xx dxdt — > 0, 

-T JR 

as m — > +00. It is then enough to take the limit m — > +00 into (|A.41|) to obtain inequality (|32p . 
This completes the proof of Proposition [5j □ 

Remark. Inequalities similar in spirit to (|32p can be obtained with similar proofs replacing the 
weight function e Xx by where <p '■ R — > R is a smooth function with bounded derivatives and 
such that (j)" + (4>') 2 is bounded from below on R. In those cases, we obtain inequalities of the 
form 

/ \d x u(x,t)\ 2 e^ x) dxdt< / (\u(x,t)\ 2 + \F(x,t)\ 2 )e^ x) dxdt, 

-T JR J-T-lJW 

where is a positive constant depending only on <p. 
A. 2. 2 Proof of Proposition [6] 

We denote by Vf* G C(M.,X(M)) a solution (uniquely determined up to a constant phase shift) 
to (jGPp corresponding to the solution (rj*,v*) to (jHGPp . Formally, we may differentiate (|GP|) A; 
times with respect to the space variable and write the resulting equation as 

Wt{d£**) + d xx (%**) = R k (V*), (A.43) 

where, in view of the cubic nature of (jGPp . 

\R k m\ < \9^*\+ K ^\ d ^*\ 1^**1 ( A - 44 ) 

c*</3<7 

In particular, our strategy to establish Proposition [6] consists in applying inductively Proposition 
[3] to the derivatives d x ^* in order to improve their smoothness properties, and then translate 
the resulting properties in terms of the pair (rj*,v*). As a consequence, we split the proof into 
four steps. 

Step 1. Let k > 1. There exists a positive number A ks , depending only on k and c, such that 

[ t+1 [ \d^*{x + a*(t),s)\ 2 e 2u ^dxds<A k ^ (A.45) 
Jt Jr 

for any t £ R. 

The proof is by induction on k > 1. More precisely, we are going to prove by induction that 
(|A~45|) and 

f [ \R k (**)(x + a*(t),s)\ 2 e 2u ^dxds<A k , c , (A.46) 

Jt Jr 

hold simultaneously for any (el. Notice that (|A.45|) implies that d x ^f* £ £ 2 oc (R, L 2 (R)), while 
(1A~46|) implies that R k (^*) G L 2 oc (M, L 2 (R)). Therefore, if (lA~45l) and (|A~46|) are established for 
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some k > 1, then ()A.43j) can be justified by a standard approximation procedure, so that we are 
in position to apply Proposition [5] to (suitable translates of) d^*. 



For k = 1, recall that 

\fl„\b*\ 2 = 

4(l-r/ 



l^1 2 = #^ + (l-^)K) 2 . 



it follows that 



^| < (cW) 2 + ( w *) 2 < A c \d x V*\ 2 , 



where the constant A c , here as in the sequel, depends only on c. It then follows from Proposition 
2]that (|A.45P and ()A,46P are satisfied. Indeed, since 

\Ri(^*)\ < A\d x ^*\(l + |^*| 2 ), 

we have 

|i?i(**)(x + a*(t),s)| 2 e 2 ^l x l < A 2 \d x ^*(x + a*(s),s)\ 2 e 2u ^ a, ^- a, ^ + ^(l + ||^* ||loc (R) ) 2 , 

and we may rely on Proposition [4j and the fact that \a*(t) — a*(s)\ is bounded independently of 
t for s £ [t,t+ 1]. 

Assume next that ()A.45|) and (jA.46|) are satisfied for any integer k < ko and any t £ I, 
We apply Proposition [5] with u : = + a*(t),- - (t + 1/2)), T := 1/2 and successively 

A := ±2u c . In view of (|A~43|) . ([A45]) . (|AT46j) . and the fact that \a*(t) - a*(s)\ is uniformly 
bounded for s € [t — l,t + 2], this yields 

f +1 I |^ +1 **(:r + a*(t), s)\ 2 e 2 ^ dx ds < AAk °'f 2 "< , (A.47) 
A Jr 4i/ c 2 

so that ()A.45P is satisfied for k = ko + 1, if we set >lfco+i,c = ^c j 4fc ,c^2i' c /4^ 2 . 

We now turn to (|A,46P which we wish to establish for k = ko + 1. First notice that the linear 
term in the right-hand side is already bounded by ()A.47p . so that we only have to handle with 
the cubic terms. Notice also that we have by (|A.43p . ()A.45P and ()A.46p . 

dt^* G Ll c (R,H 2 (R)), and &J>* € Hl oc (R, L 2 ( 



for any 1 < j < ko, with bounds depending only on ko + 1 and c on any time interval of length 
1. By interpolation, we obtain similar bounds for di^* G H^ oc (K, H 2 ~ 2s (M.)) for any < s < 1. 
Taking for instance s = 2/3 and using the Sobolev embedding theorem, we obtain a global bound 
for di^f* in L°°(1R x R). Since the latter also holds for j = 0, we thus have 

ll^1 L oo (RxR) < A k0+U , (A.48) 

for any < j < ko, where the value of Ak +i^ possibly needs to be increased with respect to its 
prior value, but depending only on ko + 1 and c. 

In order to estimate the sum in (|A.44p , we next distinguish two cases according to the possible 
values of a, /3 and 7. 

Case 1. If (3 < ko, then 

f t+ [ [\d^*\ 2 \d^*\ 2 \d2^*\ 2 ]{x + a*{t),s)e 2uAx \dxds 
Jt Jm. 

<\\d a ^*\\ 2 ll<9%*ll 2 / / \d 1 ^>*(x + a*(t) s)\ 2 e 2uc ^ dxds 

^\\ u x* Hl°°(RxR) W x IIl°°(RxR) / / \ u x^ l/'-ru i>)\ e uxuh, 

and we may rely on (|A.48p . as well as (|A.45|) or (|A.47p . depending on the value of 7. 
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Case 2. Since a < /3 < 7 and a+/3+7 = fco + l 5 the only remaining case is a = 0, ft = 7 = &o = 1. 
In that situation, we write 

/ / [\y*\ 2 \d x V*\ A ](x + a*(t),s)e 2u <Wdxds 
Jt Jr 

sup f \d x ^*(x,s)\ 2 dx] f + \\d x V\- + a*{t),s)e v ^ Lao(m ds. 
;[t,t+i] / ./t v ' 



< Up 

— II * IIl°°(kxM) . 

v ; Vse[t,t+i] 

By conservation of the energy, we have 



sup / \d x ^*(x,s)\ 2 dx < 2£ (**(•, 0)). 
eltt+i] ./R 



^el-Ill 2 . 4- ll/LvD*!'. 4- n*(+\ aV'H I' 2 



s6[t,t+l] • 

while, by the Sobolev embedding theorem, 
\\d x ^*{- + a*(t),s)e v W 

<A c (\\d xx ^*(- + a*(t),s)e^\\l 2{R) + \\;>,.V*(- + ,<*{/).*)<■'■< ^ 

The conclusion then follows also from (|A.45|) and (|A.47[I . 

At this stage, we have established by induction that (jA.45|) and ()A,46P hold for any k > 1. 
In order to finish the proof of Proposition [6j we now turn these L 2 in time estimates into L°° 
in time estimates, and then in uniform estimates. 

Step 2. Let k > 1. There exists a positive number A kc , depending only on k and c, such that 

[ \d k x ^{x + a*{t),t)\ 2 e 2v ^dx < A kjC , (A.49) 
Jr 

for any t G R. In particular, we have 

\\d*a>*(- + a*(t),ty^\\ Loo{R) <A k;C , (A.50) 

for any t G R, and a further positive constant A k ^, depending only on k and c. 

Here also, we first rely on the Sobolev embedding theorem and (|A.43p . By the Sobolev 
embedding theorem, we have 

n<£**(- +**(*)> ty^wiw <^(ii 5 4^^(-+a*w,^ M )iii 2( ^ M+1] , i2(K)) 

+ \\d k \&*(. + a *(t) s ) e u <\-\\\ 2 \ 

while, by (jA~!43]L 

||a s (9^*(. + a*(t), S ) e -l-l)|| 2 , 2at _ M+1]L2(I8)) <2(||^ 2 **(- + a*(t), S ) e ^l-l|| 2 2([t _ w]ji2(R)) 

+ || J R fc (^)(- + a*(t), S ) e ^l-l||^ at _ M+1]iL2(R)) ), 

so that we finally deduce ()A.49|) from ()A.46P and (jA.45|) . Estimate (|A,50P follows applying the 
Sobolev embedding theorem. 

We now translate (|A.49P and (IA.5Q|) into estimates for rf . 
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Step 3. Let k G N. There exists a positive number A kt , depending only on k and c, such that 

I {d k xV *(x + a*(t),t)) 2 e 2 ^dx<A ks , (A.51) 

JR 

and 

\\d^*(- + a*(t),t)e^\ x{R) <A ktC , (A.52) 

for any t G R. 

Concerning ()A.5ip . we first recall that 

d s (r,*(- + a*(t), s)) = 2(»**(- + a*(t), a), W(- + a*(t), s)) c . 
Since Vt* is uniformly bounded on R x R in view of (|25p . we can rely on (|A.49p to claim that 
\\ d s(v*(- + a* (t),s)e^\) || i2([t _ 1)t+1]ii2(K)) < A\\d xx **(- + a*(t), ^)^ H || L2([ ,_ lit+1])i2(R)) < A- 
Since 

||ry*(- + a*(t),s)e Uc ^ 1 || L 2([ t _ lit+1 ] (L 2p l )) < A, 

by Proposition [31 and since |a*(i) — a*(s)| is bounded independently of t for s G [t — 1, t + 1], we 
can invoke again the Sobolev embedding theorem to obtain (1A.51|) for k = 0. 

When k > 1, we recall that 

j=0 v 3 J 

by the Leibniz rule, so that (|A.5ip follows from (|A.49p . (IA.50p . and the property that \P* is 
uniformly bounded on R x R by (|25p . The uniform bound in ()A,52p is then a consequence of the 
Sobolev embedding theorem arguing as for (IA.50p . 

Finally, we provide the estimates for the function v* . 

Step 4. Let k G N. There exists a positive number A kt , depending only on k and c, such that 

(d k v*(x + a*(t),t))e 2u ^dx < A k>( , (A.53) 

JR 

and 

\\d k x v*(- + a*(t),t)e^\\ Lao(R) <A k „ (A.54) 

for any t G R. 

Here, we recall that 

so that, by the Leibniz rule, we have 

d ^ = EE( k )( k ~ f j ) % ((i - ■/•)-*) H^,dt>- e *%. 

j= oe=o \jy \ 1 / y 

At this stage, we can combine the Faa di Bruno formula with (|25p and ()A.52|) to guarantee that 



flg((l- if)"*) (■ + «*(*).*) 



L°c(R) J ' 



for any j G N and any t G R. In view of (|A.49P and (|A.50p . this leads to ()A.53p . The uniform 
bound in ()A,54p follows again from the Sobolev embedding theorem. 

In view of (|A.52p and (|A.54j> . we conclude that the pair (rj*,v*) is smooth on R x R, with 
exponential decay. Estimate (|33p is a direct consequence of (|A.5ip and (|A.53D . This completes 
the proof of Proposition [6j □ 
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B Complements on orbital stability and the operator % c 



B.l Properties of the operator V, c 

In this subsection, we recall and slightly extend some properties of the operator T-L c which were 
established in [131 13]. 

For c G (-\/2, y/2) \ {0}, the operator H c is given in explicit terms by 

H c {e)=\ *H—J + A 2 -T^-T^h-{2+Vc)e v (bi) 




c 



+ v c )£ v + (1 - r? c )£„ 



It follows from the Weyl theorem and criterion that "He is self-adjoint on L 2 (R) x L 2 (M), with 
domain .ff~ 2 (R) x L 2 (R), and that its essential spectrum is equal to 



Cess(^c) 



2 



,,2 



3 + Vl + 4c 2 



+oo 



It was proved in |13| 0] that T~L C has a unique negative eigenvalue, that its kernel is spanned 
by d x Q c , and that there exists a positive constant A c , depending only and continuously on c, 
such that we have the estimate H c (e) > A c ||e[|^, for any pair e G which satisfies the 

orthogonality conditions (e, d x Q c ) L 2^2 = P'(Q c )(e) = 0. 

It follows from the characterization of the kernel here above that the operator T~L C is an 
isomorphism from Dom('H c ) H Span(9 x Q c )" L onto Span(9 a .(5c)" L - Moreover, given any k G N, 
there exists a positive number A c , depending continuously on c, such that the inverse mapping 
Ti^ 1 satisfies 

for any (f,g) G H k (R) 2 n Span^Q^. 

Indeed, the pair e = Hc 1 (f,g) is a solution in H 2 (R) x L 2 (M) to the equations 



(1 - = 5 + f § + w^e,,, 



(B.3) 



which satisfies the bound 

IkrfllzPQR) + \\ £ v \\l 2 (M) - k c(||/||l 2 (]R) + ll#IU 2 (R))i ( B -4) 



with 

K r := min 



{-, A/Os.t. XeaiHc)}. 



In particular, since 7i c depends analytically on c, and its eigenvalue is isolated, the constant 
k c is positive and depends continuously on c. Since 

c 2 

min {l - r? c (x)| = — > 0, (B.5) 
we can apply standard elliptic theory to the first equation in (|B.3j) to obtain 

ll e r/||f/ 2 (R) < ^c(||/||l 2 (R) + llffl|l, 2 (R))) 
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where A c also depends continuously on c. Combining the second equation in (|B.3P with (IB. 4ft 
and ()B.5p . it follows that 

\\e v \\ H min{k,2}( R ) < ^ C (||/||h*(R) + ll^ll jy fe (M)) " 

when (f,g) G H k (R) 2 . Applying again standard elliptic theory to the first equation in (jB.3|) . we 
are led to 

||e ?? || H min{* : + 2,4}( K ) < A c ( 1 1 / 1 1 R k ( R ) + | \g || H k (R) ) . 

A bootstrap argument then yields (jB.2|) . with a constant A c which depends continuously on c. 
B.2 Proof of Theorem H 

As mentioned in the introduction, the proof of Theorem [3] consists in a few adaptations with 
respect to the arguments in |13| 0|. 

The global existence of the solution (r],v) to (jHGPp for an initial data (r]o,vo) which satisfies 
the condition @ is indeed established in |4} Theorem 2]. 

The existence for a fixed number t € R of the modulation parameters a(t) and c{t) in ([5]) is 
shown in |4, Proposition 2], as well as the two estimates in (|8]). Combining these estimates with 
the Sobolev embedding theorem of H l {U) into C°(R) and the bound ()B,5p on 1 — r] Cl we can 
write 

c(t) 2 c 2 
maxr]{x,t) > ||r? c ( t )|| LOO(R) - \\e v (; 0|L«. (K) > 1 ^ K c a > 1- — - K c a c . 

For a c small enough, estimate (|7|) follows with a c := c 2 /2 + X c a c . 

Concerning the (^-dependence on t of the numbers a(t) and c(i), it is proved in [H Proposition 
4], as well as the linear estimate 

\c'(t)\ + \a'(t)-c(t)\<A c \\e(;t)\\ xm . (B.6) 

The only remaining point to verify is that the linear dependence on e of d (t) in ()B.6p is actually 
quadratic. 

In order to prove this further property, we differentiate the second orthogonality relation in 
([H]) with respect to time. Combining with (|12|) . we obtain 

c'^-(P(Q c )) =P'(Q c ){Jn c (e)) + {a -c)P'(Q c ){d x e + d x Q c ) 
+ c'(P"(Q c )(d c Q c ),s) L2{M)2 + P'(Q c )(JK c e), 

at any time i£R. The first term in the right-hand side of ()B.7p vanishes since 

P'(Qc){JU c (e)) = 2{d x Q c ,U c {e)) mw = 2(n c (d x Q c ), e) L2(R)2 = 0, (B.8) 

by (I10p . Concerning the second one, we have 

P'(Qc){d x Q c ) = [ d x (rj c (x)v c (x)) dx = 0, (B.9) 

while we can deduce from (|B.6P that 

\a! -c\\P'{Q c ){d x e)\ <A,\\e\\ 2 (B.10) 
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Similarly, the third term can be estimated as 



\c'\\(P"(Q c )(d c Q c ),e) L 2 m 2\ < At\\e\\* ( B - n ) 



For the last term, we recall that 



r v , y, _ (dxVcr£^-Vc-27]) (d x n c )e v (d^) (2 - Vc - rj) {d x e v ) 



v 



l-7? c ) 3 (l-r/) 2 4(1 - 7/ c ) 2 (l -??) 2 8(1 -r?) 2 2 

s / g^£^) + (^r?c)4 ^ (B.12) 



a(i - Vc )(i - v ) 4(i- ??c ) 2 (i- ?? );' 

so that we can compute 

e v (d x e v ) {d x rj c )e 2 v 



r] c ) 3 (l - f]f 



{d x r] c )e v (d x e v )(2 - n c - rj) (d x e v ) 2 

T~ /- \o/-. \o *T 



2(l-r ?c ) 2 (l-r/) 2 4(1-t/) s 



It is then enough to apply again the Sobolev embedding theorem and to use the control on 1 — rj 
and c provided by ([7]), respectively ([8]), to obtain 

\P'(Q c )(m c e)\<A c \\e\\ 2 xm . 

Recalling that 

|(P(Q c ))=-(2-c 2 )^0, 

we can combine the identity (|B.7p with the estimates ()B.8|) . (jB.9|) . ()B.10p and (jB.lip to prove 
the quadratic estimate of c'(t) in ([9]). This concludes the proof of Theorem [3j □ 
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